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∆𝑈𝑠

Egain

Beam dynamics in a storage ring:

 1. electrons emits synchrotron radiation, resulting in 

energy loss, 𝐸𝑙𝑜𝑠𝑠. 

 2. an RF cavity recovers the energy loss

𝐸𝑔𝑎𝑖𝑛 = 𝑒𝑉𝑒𝑓𝑓 sin 𝜙𝑠 = −∆𝑈𝑠

Therefore, the particle dynamics can be approximated to 

the equilibrium state. In a linear system, the transfer 

matrix can be interpreted as

𝑧
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• Like the surfer-board moves well with the proper 

phase of waves in the water, there are adequate 

moments to add energy to electrons.

• In a storage, the stored beam is naturally settled to the 
phase that defined by the balance between the energy 

loss and gain

Δ𝑈𝑠 = 𝑞𝑉𝑚𝑎𝑥 sin 𝜙𝑠

𝜙𝑠 = sin−1
Δ𝑈𝑠

𝑞𝑉𝑚𝑎𝑥

• For the Korea-4GSR storage with 𝑉𝑚𝑎𝑥 = 3.5 𝑀𝑉 and 

∆𝑈𝑠 = 1.45 𝑀𝑒𝑉, the phase is about 155.53 deg

(* 0 deg refers the maximum acceleration phase 

    = on-crest phase)
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Longitudinal dynamics in a storage ring
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The main role of the RF system in a storage ring is to compensate the energy lost by the electrons in terms 

of synchrotron radiation. For ensuring the stability of the RF system, it has a dedicated feedback loop with a 

Digital Low-Level RF (D-LLRF) system that monitors the phase and amplitude at consequent places. 

The phase and amplitude errors modify the energy offset:

𝐸𝑔𝑎𝑖𝑛 = 𝑒(𝑉𝑒𝑓𝑓 + Δ𝑉) sin(𝜙𝑠 + Δ𝜙) ≠ −𝐸𝑙𝑜𝑠𝑠

The energy offset will introduce the motion of the center 
in the longitudinal direction.

∆𝐸 ≠ 0 →  𝛿 = 𝛿0 + ∆𝛿

feedback loop 

Statistical error

𝜎∆𝜙/𝜙 = 0.1%
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Considering the temporal resolution in 

experiments, the RF tolerance can be 

determined by the acceptable region (about 

20 % of 𝜎z ).

   * Bunch length 𝜎z in 4GSR : ~ 12 ps

Acceptable error range for the RF parameters 
         𝜎Δ𝜙/𝜙 : greater than 0.4 %

         𝜎Δ𝐴/𝐴 : greater than 1 %

The state-of-the-art for LLRF is on 

 𝜎Δ𝜙/𝜙, 𝜎Δ𝐴/𝐴 ≤ 10−4

In a linear model with the main RF cavities, the phase 

error is the main contributor to the longitudinal oscillation.

1000 seeds for each points
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𝜀𝑥0 = 𝐶𝑞𝛾2
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Voltage profile for 500 MHz cavity

with harmonic cavity

Higher Harmonic Cavity (Bunch lengthening)
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Narrow and long wave

BESSY II 500 MHz cavity

BESSY II 1.5 GHz cavity

––––   Main CA

  ––––   Harmonic CA

  – – –   Main + Harmonic
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120kW
SSPA

120kW
SSPA

120kW
SSPA

120kW
SSPA

Storage 
Ring

Booster 
Ring

Single cell
Cavity

Multi cell
Cavity

3rd Harmonic
Cavity(Active NC)

#1
#2

#3
#4

#5

#6

#7
#8
#9

#10

Control Room

Control Rack Room

#14 Cell RF Cavity

Utility Rack

500 MHz RF cavities

# of cavity: 10

Vmain = 3.5 MV

HOM-damped cavity

10 x 120 kW SSPA

1.5 GHz cavities

# of cavity: 6

V3rd = 0.9 MV

           (max 1.0 MV)

V3rd/Vmax ~ 26 %

Lengthening factor ~ 3
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Hamiltonian EOM

Cavity Error

∆𝑬𝒈𝒂𝒊𝒏  →  ∆𝜹 

ሶτ =
𝜕𝐻

𝜕𝛿
, ሶ𝛿 = −

𝜕𝐻

𝜕𝜏

𝝉 = 𝝉 + ∆𝝉

𝜹 = 𝜹 + ∆𝜹

RK4

with slicing

Gaussian

random error

for each cavities

Hamiltonian

with harmonic cavity

iterative process

for n-turn (~10,000)

Hamiltonian dynamics (with harmonic cavity)
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Bunch length 𝜎z in 4GSR with harmonic cavity: ~ 35 ps

In the case of harmonic cavity, the acceptable range 

of the phase error 𝜎Δ𝜙/𝜙 is reduced to < 0.08%.

Beam jitter with HHC cavities
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➢ The inevitable statistical error in the LLRF system that performs the feedback 

for rectifying the variation of the electromagnetic field in the RF cavity 

stimulates the perturbation of the central position in the longitudinal phase 

space.

➢ The tolerance of the phase and amplitude errors in the LLRF system should be 

determined from the detailed evaluation of the longitudinal dynamics. With 

HHCs which are often mandatory for the 4GSRs to increase lifetime, the 

particle motion can only be estimated by Hamiltonian mechanics.

➢ The study confirms that the longitudinal perturbation is more sensitive to the 

phase error than the amplitude error, and it also evidences that the tolerance of 

RF phase jitter was greatly limited to less than 0.08% with the HHCs.
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