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Legendre transformation — 7|otst& &2 H
Question) For a given function f(x) = x?, define f'(x) = u, Find g(w) such that Z—i = —X.
g f@=x
T T(x) = f'(%0) - (x = o) + (o)
f Q) T(0) = f'(x0) - (=x0) + f(x0) = —xof " (x0) + f(x0) = g (%)
T xy % g(xo) = —xof (o) + f(x0) = —2x3 + x§ = —x}
\ ’ u
T(O) f (Xo) = 2x0 =u . Xo = E
g o
u g(u)——(z) R
gu) = — 302 o9 _ _u__
ou 2
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Legendre transformation — Cif ==& &2 (1-D)
Question) For a given function f(x) = x2 with f'(x) = u, Find g(u) such that Z—i = —X.

df = —fdx = udx = d(ux) — xdu

g=9w
f—-ux=g "%__x
u:f,(X)ZZX =) x:%
— _ 2 _uz Xu_ uz
gu) = f(x) —ux = x(u) —ux(u)_4—u 5=
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Legendre transformation — CH==& 22 (2-D)

Question) For a given function f(x, y) with Z—£ = u, Find g(u, y) such that Z—i = —X.

9,
d(f —ux) = —xdu + vdy ™ dg = —xdu + vdy ™ g=guw,y)
_ dg
f-ux=g =X
ag af
— =D = —

9w y) = f(x,y) — ux oy dy

57| =2 I
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19 m-Lw=0 c
dt 04 oq;

Il
~
I
<

0
f —()=0 ™ g;iscyclic.

then d 0 (L)=0 ™ i(L) = constant
’ dt an - aq]

9

94, (L) = pj: Generalized momentum.
j

157 =2 I
Ex 1) Cartesian coordinate
1 1
T=§mv2=§m(5c2+5/2+z'2) V=Ff(xy)

I L—a =0
&( )_E(T_V)_

da(/;)—d( N =0 m) mz=p,=const
dtoz " de T - '
Linear momentum

i conservation
Ex 2) Polar coordinate

T = 1mvz = %m(f‘z +120?)

2 V=r@)

O y=2 =0
%( )—%(T—V)—

d d d . 24 —
— (L) =— 20 =0 = mr<0 =L, = const.
dtae( ) 7 (mr ) z

Angular momentum

conservation
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Lagrangian 2| O[5l 2

L dq;

29 -2 (r)=0

dt 04 oq; =

dL(q,q;t) <O 0L dg;
dt  Zudg; dt

J

d!i(q,c'z;t)_z d 0L
a  Z\acag ) Ut

J

dL(q,q;t) Z d (012 ) oL
= qdj
dt — dt\0d; 7] at

d(,_NOL \_oL
dt aq,qf at

dg: dt
7 74

0L dqg;
-2

)

57| =2 I



POSTECH Energy function2| O[5H k57 22| 1

Cartesian ZF H H| 0| A energy function2| 4f0| energy@} £ L= A= Y E0| M BE|X| =
B2 MLHEO| HEL| = R E LIFO{A EO|A|L,

oL .
h=—L+Z—.q’k L(q,q) =T =V
kaqk
Non-relativistic case
1 1 . .
T =-—mv?==-m(x?+y2+2%)
2 2
0L _0L_+8L_+8L__ G2+ 92 + 32) = 2T
ag, ™ T axt TayY Tyt T Ty T =

oL
h=—£+2—,q’k=—L+2T=T+V=E
- q
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Law of Thermodynamics
U : Internal energy

Frist law: dU = —dW + dQ -> energy conservation W: Work done by the system

( : Heat absorbed by the system

Second law: AS = 0 for isolated system.
S : Entropy

d :
:dS = ?Q for not isolated system.

dU = —dW + dQ = —PdV + TdS

Heat reservoir U oU
dW = PdV — (W)g dV + <£>V ds U = U(V, S)

Vr
w W= Pwav p=_(%Y r=(%
Vi ov S aS v

Heat waste basket
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Helmholtz free energy P : Pressure

IV : Volume

Uu=U,Ss) T : Temperature

dU = —PdV + TdS F : Helmholtz free energy
= —PdV + d(TS) — SdT

dU — d(TS) = —PdV — SdT

d(U —TS) = —PdV — SAT ==y dF = —PdV — SdT
F=FV,T)
F=U-TS

doF oF oF oF
ar=(5) av+(5p) ar p=-(%) s=—(2)
av T oT . av T oT v
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Legendre transformation

f=rxy)

_(9f of
df = (a)y dx + <@>x dy

= udx + vdy
U <+
g=f—ux .
dg = —xdu + vdy
g

y «—

X «—1— §

Legendre transformation}2| 2+A|

Helmholtz free energy

U=U(,S)
w=(22) v+ () o
S %4
= TdS — PdV
— T
. _p F=U-TS
dF = —PdV — SdT

dF = <6F> dV + <6F> dT
av . aT v
au
T = (0_U> —P = <W>
0s ), c

57| =2 I

P : pressure

IV : Volume
T : Temperature

F : Helmholtz free energy



osrecy Hamiltonian 7t&7] 22| |

0L
Energy function h(q,q,t) = —£L(q,q,t) + z W dk ) Similar to Legendre transformation
k

Thermodynamics Mechanics
FV,T)=UV,S)—TS h(g,q9,t) = —L(q,q,t) + Z 3q.
4 q
S q

0L

U(V: S) _[’(q' q, t)

F(V,T) H(q,px. t) =—L(q,q,t) + Z Pk Gk
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d(L — prqx) = vedqy —

Hamiltonian

dL = aLd +6Ld +6Ldt a—L=v
dqx 1k dq I ot 0qr f

o
= deqk + pkqu + Edt

. . 0L
= Vpdqy + d(Prqi) — Gedpi + Edt

| oL
depk + —dt

dt
| N o
d(—L + pqu) = _deCIk + CIkdpk — Edt —L + Prdk = H
| oL
dH = —deqk + qkdpk — Edt
67—[ —dq; + — oH dp; + 0H dt
aqk Ak Dk Pk ot
IH oL d oL  dp
—:—’Ukz—— == ——— =D
2qy aqy dt 0qy dt

=71 =2l

L _ d oL oL
g, Lk dtdq, dq;

OH

3q, Pk

OH

S —q

o "

o0H 0L

ot Ot

Hamilton’s equation of motion
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Hamiltonian

57| =2 I

H Gy, Pr,t) = —L(qg, G, t) + z Dk G
k

Lagrangian L

d 0L 0L 0
dtdq, 0q,

Hamiltonian H

Variables

Tk Q> t Qi) Pro t "v
| oL d oL dpy
: L(g,q,t) H(g,p,t) — — = p
Function 4.9 q,pP dq. _ dtdgy, dt Pk
Variable _ oL . _ O
change Pk = 34, ™ 9py . &
F;:nction L=-H+ z Gk Dk H=-L+ z Pk dk
change k k Lo
9,
of dg oL oM 1
dy 0y 0y a4y
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Hamiltonian's equation of motion
Find equation of motion for the particle in the figure by using Hamiltonian when the particle
is moving with non-relativistic speed.

: 1 :
P L£(6,6,t)=T—-V = Emazé?z — amg cos(0)
0L , : Po
= — = 2 _ 0 = —
~mgy Po =39 — M1 ¢ ma?
1 Do Po
my— H =—L+pg = —Ema (maz) + amg cos(0) + pg — —
1
Po” —— + amg cos(0)
.0 " 2ma
Ak = D
P d9:6}[= Po p Do = Ma?0 = axmab =7 X Ppech
Pk = __}[ dt  dpg ma* Angular momentum
aq gu u
= T35 = 9mg sin(g) — Tz = 3 Amg sin(8) = Esm(@)
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POSTECH

Hamiltonian for relativistic particle

mc? x2 + y2 4 72
=————V=-mc? |1- ( yz ) —V(x,y,z) InCartesian coordiante
)4 C
Canonical momentum variable for x axis
61: 2% 0L 0L .
2 — v e — y = — =

H = —L+Zpkq'k = =L+ pyX +pyy + 0,2 = —L+ymx? + ymy? + ymz? = —L + ymv?
2

me? mc (1——)+mv2
=T+V+ymv = mc? > > +V =ymc*+V
/1—”—2 /1—”—2
C c

= X
__q
H = \/)/Zmzvzc2 +mct+V = J(sz +py? + pzz)c2 + m2ct+V )ymcz _ \/yzmzvzcz T m2ct
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Hamiltonian for relativistic particle

L=——-V=—mc

2 ) 202
mc 2\/1 _ (T +70 ) _v In Polar coordinate
)4

Canonical momentum variable for x axis

0L 27 _ 0L , 2126 L
przaz—mcz.y. —— | = ymr pgzﬁz—mc Y| — 2 = ymr<0

H=—-L+ Zpk G, = —L + p, 7 +pgb = —L +ymi? + ymr?0? = —L + ymv?
K

=—mC2 +V +ymv? =ymc? +V . p,2 po?
Y v: =712 +7r20% = y2:712 + 2y2m2r4
H =.y?*m?v2c? + m?c*+V _ 1 2, L
\/ - yzmz Pr +_2p9

1
= \/(prz + r—2p92> c?+m?c*+V(r,0)
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Example

Find equation of motion for the particle in the figure by using Hamiltonian when the particle
is moving with relativistic speed.

1 pr =yma =20
H =ymc?+V = <prz+r—2p92>cz+mzc4+V(r,9) B g
pg = yma-6
c* 2 2 4
H = —2Po + m?c* 4+ mga cos(6)
)¢ ¢
g d9=67{=1 72 Po =a2P9 = pe = ymaZé
dt 0dpg 2 [/1 ymc?
(—ngz) c? + m?c*
V(a,8) = mga cos(6) a
dpg _ o0H

T =~ g = Mga sin(8) =) yma?0 + yma?6 = mga sin(0)
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Hamiltonian for charged particle

L=T—qV+qi-A=T—qV +qih, + qyA, + q24,
W =

1. Non-relativistic case

. . 1 . .
H = (px — qA% + (py — q4y,)y + (p, — qA,)Z — SmE? +y? +2%) +qV

1
= mx? +my?+mz? — Em(a’cz +y2 +2%)+qV

=§m(5c2+y2+z'2)+qV=T+qV

1
= ﬂ((px — qAx)z + (px — qAx)z + (px — qAx)z) + qV

52
p — gA
E(p q)+

4
2m q

L+ ) Prdic = Pk +PyY + P2 =T+ qV - qiA, — qyA, — 24,
k

57| =2 I

In Cartesian coordinate

2 22 4 o2 o 52
:(px_qAx)x‘F(py—qu)y+(pZ—qu)z'—T+qV vie=x“+y‘+z

1 1

T =smy® = Em(a'cz + %+ 2%)

Canonical momentum variable for x axis

0L .
px=a=mx+qAx
0L .
py=a—y=my+qu

_613

pz_gzmz.‘l'q/lz
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Hamiltonian for charged particle
L=T—qV+qi-A=T—qV +qiA, + qyA, + qy4,

H = (px —qA% + (py —qAy)y + (0, —qA)z —T + qV

2. Relativistic case ,

. . . mC
H = (px — qAx)% + (py — q4,)y + (p, — qA)z + -t qV
. . . mCz
= ymx? + ymy? + ymz? + 7 + qV

mc?

:ymv2+7+qV=ymcz+qV

= \/y2m2v2cZ + m2c* + qV

= y2m2(x2 + y2 + 722)c2 + m2c* + qV

= \/(Px — qA,)%c? + (Py — CIAy)ZC2 + (p, — qA,)?c? + m?c* + qV

= J(ﬁ — q/f)zcz + m2c* + qV

57| =2 I

In Cartesian coordinate

v =x%+y*+2°

Canonical momentum variable for x axis

0L ,
px=£=ymx+qt4x
0L ,
Py =a—y.=ymy+qu

oL ,
12 =£=sz+qu
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Equation of motion for charged particle

Oixl 6-2). S=AtAd = U HL0f 72 S 2 X|Li7ts ALl 23 S 8AS 7oA L.

From Wikipedia

S 1

A= <0, 0, —g/l(x3 — 3xy2)>
1

A, = —g/l(x3 — 3xy?)

Py = ymx
py = ymy
Pz =Yymz—q4,

o O 1

H = \/(ﬁ — q/f)zcz + m2¢c* + qV

2
= \/(px)ZCZ + (py)zCZ + (pz — qAZ)ZCZ + m2c4 ) ymc

dx 0H 12pyc®  py

dt dp, 2ymc? ym = Px=Y

% _ 0H . _lz(pz B qu)Cz 5 (_ aAz) _ Q(pz T qu) 5 <0Az>

dt ~  ox 2 ymc? 1 ox ym dx
q(ymz) 1
= X [ —=A(3x% — 3y*
o ( : (3x y))
A o . qA .
=—q7(x2—y2)z' =) me+ymx=—7(x2—y2)z
} qr . ,
If 2= ¢, theny = 0 ) ymi = —— (x* —y*“)c

2
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Frenet-Serret coordinate system

57| =2 I

r=ry,+xx+yy.

X, =X;cos@ + §;sin¢
§, = —X;sin¢ + §; cos @ dob Orbit
fz == fl + §1d¢
$, ==X dp + 5, 1

>

1
d¢=;ds=hds—>d3?=hds-§,d§=—hds-a?

dr = dry + dxX + xdX + dyy + ydy
= ds$§ + dxX + hxdsS + dyy --- (dy = 0)

= dxx +dyy + (1 + hx)dss$
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Frenet-Serret coordinate system

57| =2 I

r=ry,+xX+yy.

dr

B=—
dt

=xX+yy+ (14 hx)ss

v2 =x% + 9%+ (1 + hx)?s?

T:%mv2 =%m(3’c2+y2+(1+hx)zéz)
0=2 (y d (T)—i(V)>—yi<T>+i<V)
dt\" dq; aq; aq; aq;
Parc’s equation
d o0 d o0 0 0
=Y Gtaq, —aa—qu—ya—qu+a—qu
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2)d, 2,
——T—iT> =0
aq] J

da . .
=y <E (mx) — mh(1 + hx)sz>

= y(m¥X — mh(1 + hx)s?)

(RH.S)y=Qx=F-—=(q0xB)-%

” 52 y(mi — mh(1 + hx)s?) = (qﬁ X §) - X

57| =2 I
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Frenet-Serret coordinate system (R.H.S),

= (¢ + y9 + (1 + hx)$8) x (ByR + By + ByS) ) - &
= q(yBs — (1 + hx)$By) B; =0

(R.H.S5), = —q(1 + hx)s$B,,

y(mi —mh(1 + hx)s?) = —q(1 + hx)$B,

. dx dxds ..
*Tat T dsac 7°
.o d. d ] - .d / ,d o .2 14/ J oo
x=ax=a(xs)=sa(x)+x E(s)=sx + x'S

” x"'32 + x'5 — h(1 + hx)s? = —yimu + hx)3B,
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Frenet-Serret coordinate system

x"$% +x'§ — h(1 + hx)s$? = _yim (1 + hx)sB,

S=0 S = constant

v
x"—h(1+ hx) = —7L(1 + hx)B,,
S ymv

1=7| =2 I

Particle

trajector
" J Yy

P Orbit
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Magnetic field

R

Trajectory

B=(Bx, B,, 0

Lorentz force F=qgbxB
. mv?
Centrifugal force F =
p
mv? mv
= quB,, m—) 7 = qB,
dB, 1d°B, |,
B,(x) = B, (O)+d—x+2| T2 X + —
q q qdBy, | 1qd’B,
1 —1p 1Yy
1B, () = B, (0) 43 x4

1 1
=—+kx+—=Sx*+-
p 2!

1d°B,

3! dx3

x% 4

X

VI

57| =2 I
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Magnetic field

R

Trajectory

q q q dB,, 1gqg dsz
—B,(x) ==B,(0) + =—=x + —— Lt
. y (%) » y( )+p o x+2!p T2 X +
q 1 1.,
—By(x) ==+ kx +=85x° + -
p P
Multipole Definition effect
dipole 1 4 0) Beam steering
p p”
guadrupole I — qdB, Beam focusing
Cpodx
sextupole q d*B, Chromaticity
S =E dx? compensation

etc

1=7| =2 I
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Equation of motion for charged particle in storage ring

1
1 X q x\° B, =—+kx
x"—={1+=|=—=|1+=] B, P
P P p P
2
L, o1 X X 1 2x\ (1
x' ' ——[14+—=-)=—|14+-— —+kx |=2—|14+—||—+ kx
P P P P P ) \P
L1 x 1 2x 2x2
X' ———==———kx———k—
p P P P P
, X I 2x
X' ——=—kx——
p? p*
. 1 x"+K(s)x=0 Hill’s equation of motion
X +<k+?>x=0 )
K(s) = k(s) +

p(s)?
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Legendre transform

Energy function

Hamiltonian

Hill's equation of motion

H = \/(ﬁ — q/f)zcz + m2c* + qV

x"+K(s)x=0

57| =2 I

30
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Quiz) CtS A=H0f| A virtual work principlee 22510 Of2f{0f] =0 & 2HA Al S K ESHA| 2,

L/4

e
A 4

FlI m IFT
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Cartesian ZtHE A 0| A energy function2| 4£0| energyll ZLt= A= M| E0| MEL|X| =
LR HLEO| HEBE = EFE LIF0A EO[A|2,

h=—L+ z hiadp'S L(q,d) = T(@) —V(q)

Relativistic case

mc? X2+ y2 + 22
T=—— —mcz\/l—( Y )

14 c?
0L 0L 0L 0L )
4 Eqk—ax+ayy+a z =ym(x?+y% + 2%) = ymv?
oL mc? , ,
h=—£+zaq Ge = =T +V + ymv? —T+V+ymv =ymc-+V=E
k
k

2
mc
=X —-—+ymv?=ymc?

)
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