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가속기물리

Today’s agenda

POSTECH

• 지렛대의 원리(Lever principle)를 증명하고 이해한다.

• 가상의 일의 원리(virtual work principle) 을 이해한다. 

• 달랑베르의 원리(D’Alembert principle) 을 이해한다. 

• Lagrangian 을 이용하여 운동 방정식을 유도한다. 
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예제 1: 각받침대에가해지는힘의크기를구하시오.

𝐿𝐿
𝐿𝐿/4

𝑀𝑀
𝑚𝑚𝐹𝐹𝑙𝑙 𝐹𝐹𝑟𝑟

�𝐹𝐹 = 𝐹𝐹𝑙𝑙 + 𝐹𝐹𝑟𝑟 − 𝑀𝑀𝑀𝑀 −𝑚𝑚𝑚𝑚 = 0

�𝜏𝜏 = 𝐹𝐹𝑙𝑙 ⋅ 0 −𝑀𝑀𝑀𝑀 ⋅
𝐿𝐿
4
−𝑚𝑚𝑚𝑚 ⋅

𝐿𝐿
2

+ 𝐹𝐹𝑟𝑟 ⋅ 𝐿𝐿 = 0

𝐹𝐹𝑙𝑙 =
1
2𝑚𝑚𝑚𝑚 +

3
4𝑀𝑀𝑀𝑀

𝐹𝐹𝑟𝑟 =
1
2𝑚𝑚𝑚𝑚 +

1
4𝑀𝑀𝑀𝑀
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Lever Principle

𝐿𝐿

𝑙𝑙1
𝑙𝑙2 𝐹𝐹2𝐹𝐹1

𝑙𝑙1

𝐹𝐹1 𝐹𝐹2

𝑙𝑙2

𝑙𝑙𝑙𝑙

𝐹𝐹1 ⋅ 𝑙𝑙1 = 𝐹𝐹2 ⋅ 𝑙𝑙2

𝐴𝐴 𝐵𝐵

𝑎𝑎
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Lever Principle
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Lever Principle

𝑎𝑎𝑙𝑙1

𝐿𝐿

𝐹𝐹1 𝐹𝐹2
𝑙𝑙2

𝐹𝐹1 = 𝜌𝜌
𝐿𝐿
2

+ 𝑎𝑎 𝐹𝐹2 = 𝜌𝜌
𝐿𝐿
2
− 𝑎𝑎

𝑙𝑙1 + 𝑎𝑎 =
1
2
𝐿𝐿
2

+ 𝑎𝑎 → 𝑙𝑙1 =
𝐿𝐿
4
−
𝑎𝑎
2

𝑙𝑙2 − 𝑎𝑎 =
1
2
𝐿𝐿
2 − 𝑎𝑎 → 𝑙𝑙2 =

𝐿𝐿
4 +

𝑎𝑎
2

F1 × 𝑙𝑙1 = 𝐹𝐹2 × 𝑙𝑙2 =
𝜌𝜌
2
𝐿𝐿
2 + 𝑎𝑎

𝐿𝐿
2 − 𝑎𝑎

힘의크기 × 영역중심위치 = 일정

𝐹𝐹1 ⋅ 𝑙𝑙1 = 𝐹𝐹2 ⋅ 𝑙𝑙2

지레대의원리(Lever Principle)

𝑙𝑙1 𝑎𝑎
𝑙𝑙2 𝐹𝐹2𝐹𝐹1
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Lever Principle 𝑙𝑙1

𝐹𝐹1 𝐹𝐹2

𝑙𝑙2 𝑙𝑙3
𝐹𝐹3

𝑙𝑙1

𝐹𝐹1 𝐹𝐹2

𝑙𝑙2 𝑙𝑙1

𝐹𝐹1

𝐹𝐹2′

𝑙𝑙1

𝐹𝐹1 𝐹𝐹2

𝑙𝑙2
𝑙𝑙1

𝐹𝐹1

𝐹𝐹2′ + 𝐹𝐹3′

𝐹𝐹3

𝑙𝑙3

𝐹𝐹1𝑙𝑙1 = 𝐹𝐹2𝑙𝑙2 + 𝐹𝐹3𝑙𝑙3

𝐹𝐹1 =
𝐹𝐹2𝑙𝑙2
𝑙𝑙1

≡ 𝐹𝐹2′
𝐹𝐹1 = 𝐹𝐹2′ + 𝐹𝐹3′ =

𝐹𝐹2𝑙𝑙2
𝑙𝑙1

+
𝐹𝐹3𝑙𝑙3
𝑙𝑙1

𝐹𝐹1 ⋅ 𝑙𝑙1 = 𝐹𝐹2 ⋅ 𝑙𝑙2
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Virtual work Principle 𝑊𝑊 = 𝐹𝐹 ⋅ 𝑙𝑙 𝛿𝛿𝑊𝑊 = 𝐹𝐹 ⋅ 𝛿𝛿𝑙𝑙

𝛿𝛿𝛿𝛿 = 𝐹𝐹1 ⋅ 𝑙𝑙1𝛿𝛿𝛿𝛿 − 𝐹𝐹2 ⋅ 𝑙𝑙2𝛿𝛿𝛿𝛿 − 𝐹𝐹3 ⋅ 𝑙𝑙3𝛿𝛿𝛿𝛿 = 0

𝐹𝐹1𝑙𝑙1 = 𝐹𝐹2𝑙𝑙2 + 𝐹𝐹3𝑙𝑙3

𝐹𝐹1 ⋅ 𝛿𝛿𝛿𝛿 − 𝐹𝐹2 ⋅
𝑙𝑙2
𝑙𝑙1
𝛿𝛿𝛿𝛿 − 𝐹𝐹3 ⋅

𝑙𝑙3
𝑙𝑙1
𝛿𝛿𝛿𝛿 = 0

𝐹𝐹1 ⋅ 𝛿𝛿𝛿𝛿 − 𝐹𝐹2′ ⋅ 𝛿𝛿𝛿𝛿 − 𝐹𝐹3′ ⋅ 𝛿𝛿𝛿𝛿 = 0

𝐹𝐹1 − 𝐹𝐹2′ − 𝐹𝐹3′ ⋅ 𝛿𝛿𝛿𝛿 = 0

𝐹𝐹1 = 𝐹𝐹2′ + 𝐹𝐹3′ 𝐹𝐹1𝑙𝑙1 = 𝐹𝐹2𝑙𝑙2 + 𝐹𝐹3𝑙𝑙3
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Virtual work Principle 예제1

예제1) 위구조물에서오른쪽받침대와왼쪽받침대에
가해지는힘을각각구하시오.

𝐹𝐹𝑙𝑙 ⋅ 0 ⋅ 𝛿𝛿𝛿𝛿 + 𝐹𝐹𝑟𝑟 ⋅ 𝐿𝐿 ⋅ 𝛿𝛿𝛿𝛿 − 𝑀𝑀𝑀𝑀 ⋅
𝐿𝐿
4
⋅ 𝛿𝛿𝛿𝛿 − 𝑚𝑚𝑚𝑚 ⋅

𝐿𝐿
2
⋅ 𝛿𝛿𝛿𝛿 = 0

𝐹𝐹𝑟𝑟 =
1
4𝑀𝑀𝑀𝑀 +

1
2𝑚𝑚𝑚𝑚
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Virtual work Principle 예제1

예제1) 위구조물에서오른쪽받침대와왼쪽받침대에
가해지는힘을각각구하시오. 𝐹𝐹𝑙𝑙 ⋅ 𝐿𝐿 ⋅ 𝛿𝛿𝛿𝛿 + 𝐹𝐹𝑟𝑟 ⋅ 0 ⋅ 𝛿𝛿𝛿𝛿 − 𝑀𝑀𝑀𝑀 ⋅

3𝐿𝐿
4 ⋅ 𝛿𝛿𝛿𝛿 − 𝑚𝑚𝑚𝑚 ⋅

𝐿𝐿
2 ⋅ 𝛿𝛿𝛿𝛿 = 0

𝐹𝐹𝑙𝑙 =
3
4𝑀𝑀𝑀𝑀 +

1
2𝑚𝑚𝑚𝑚

𝛿𝛿𝛿𝛿

𝑀𝑀
𝑚𝑚

𝐿𝐿

𝐿𝐿/4

𝐹𝐹𝑙𝑙

𝐹𝐹𝑟𝑟
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첫 번째 생각의 전환:

𝐹𝐹1 cos𝜃𝜃1 + 𝐹𝐹2 cos𝜃𝜃2 + 𝐹𝐹3 cos𝜃𝜃3 𝛿𝛿𝛿𝛿 = 0

𝐹𝐹1 sin𝜃𝜃1 + 𝐹𝐹2 sin𝜃𝜃2 + 𝐹𝐹3 sin𝜃𝜃3 𝛿𝛿𝛿𝛿 = 0

𝐹𝐹1 + 𝐹𝐹2 + 𝐹𝐹3 ⋅ �𝑥𝑥𝛿𝛿𝛿𝛿 + 𝐹𝐹1 + 𝐹𝐹2 + 𝐹𝐹3 ⋅ �𝑦𝑦𝛿𝛿𝛿𝛿 = 0

𝐹𝐹1 + 𝐹𝐹2 + 𝐹𝐹3 � 𝛿𝛿𝑟𝑟 = 0
δ𝑟𝑟 = 𝛿𝛿𝛿𝛿 �𝑥𝑥 + 𝛿𝛿𝛿𝛿 �𝑦𝑦

Virtual work principle을운동하는입자한개에적용하기위한생각의전환

𝐹𝐹1 ⋅ �𝑥𝑥 + 𝐹𝐹2 ⋅ �𝑥𝑥 + 𝐹𝐹3 ⋅ �𝑥𝑥 𝛿𝛿𝛿𝛿 + 𝐹𝐹1 ⋅ �𝑦𝑦 + 𝐹𝐹2 ⋅ �𝑦𝑦 + 𝐹𝐹3 ⋅ �𝑦𝑦 𝛿𝛿𝛿𝛿 = 0

𝑭𝑭 � 𝛿𝛿𝑟𝑟 = 0

𝑭𝑭 = 𝐹𝐹1 + 𝐹𝐹2 + 𝐹𝐹3 = 0
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두 번째 생각의 전환:

𝐹⃗𝐹 =
𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑

𝐹⃗𝐹 −
𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑 = 0

𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑 ≡ 𝐹⃗𝐹𝐼𝐼

𝐹⃗𝐹 − 𝐹⃗𝐹𝐼𝐼 = 0

𝐹⃗𝐹 −
𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑 ⋅ 𝛿𝛿𝑟𝑟 = 0 달랑베르의원리(D'Alembert's principle)

동역학에서는힘이균형을이루지않기때문에입자가가속을한다. 

𝑭𝑭 � 𝛿𝛿𝑟𝑟 = 0

𝑭𝑭 = 𝐹𝐹1 + 𝐹𝐹2 + 𝐹𝐹3 = 0

Virtual work principle on a particle

𝐹⃗𝐹 ≠ 0
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예제2) 물체의위치에따른구속력을구하시오.

𝑥𝑥 = 𝑟𝑟 sin𝜃𝜃
𝑦𝑦 = 𝑟𝑟 cos𝜃𝜃

𝑟̂𝑟 = sin𝜃𝜃 �𝑥𝑥 + cos𝜃𝜃 �𝑦𝑦

𝜃̂𝜃 = cos𝜃𝜃 �𝑥𝑥 − sin𝜃𝜃 �𝑦𝑦

�𝑥𝑥 = cos𝜃𝜃 𝜃̂𝜃 + sin𝜃𝜃 𝑟̂𝑟

�𝑦𝑦 = − sin𝜃𝜃 𝜃̂𝜃 + cos𝜃𝜃 𝑟̂𝑟

𝐹⃗𝐹 ⋅ 𝛿𝛿𝑟𝑟 = 𝐹⃗𝐹 ⋅ 𝑟̂𝑟 𝛿𝛿𝛿𝛿 + 𝑟𝑟𝐹⃗𝐹 ⋅ 𝜃̂𝜃 𝛿𝛿𝛿𝛿

𝐹⃗𝐹 ⋅ 𝑟̂𝑟 = −𝑚𝑚𝑚𝑚 cos𝜃𝜃 + 𝐹𝐹𝑐𝑐

𝑟𝑟𝐹⃗𝐹 ⋅ 𝜃̂𝜃 = 𝑚𝑚𝑚𝑚𝑚𝑚 sin𝜃𝜃

𝛿𝛿𝛿𝛿 = 𝛿𝛿𝛿𝛿 sin𝜃𝜃 + 𝑟𝑟𝑟𝑟𝑟𝑟 cos𝜃𝜃
𝛿𝛿𝛿𝛿 = 𝛿𝛿𝛿𝛿 cos𝜃𝜃 − 𝑟𝑟𝑟𝑟𝑟𝑟 sin𝜃𝜃

𝛿𝛿𝑟𝑟 = 𝛿𝛿𝛿𝛿𝑟̂𝑟 + 𝑟𝑟𝑟𝑟𝑟𝑟𝜃̂𝜃

𝐹⃗𝐹 −
𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑

⋅ 𝛿𝛿𝑟𝑟 = 0

𝐹⃗𝐹 ⋅ 𝛿𝛿𝑟𝑟 −
𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑 ⋅ 𝛿𝛿𝑟𝑟 = 0

𝐹⃗𝐹 ⋅ 𝛿𝛿𝑟𝑟 = −𝑚𝑚𝑚𝑚 cos𝜃𝜃 + 𝐹𝐹𝑐𝑐 𝛿𝛿𝛿𝛿 + 𝑚𝑚𝑚𝑚𝑚𝑚 sin𝜃𝜃 𝛿𝛿𝛿𝛿
δ𝑟𝑟 = 𝛿𝛿𝛿𝛿 �𝑥𝑥 + 𝛿𝛿𝛿𝛿 �𝑦𝑦

𝑟𝑟 = 𝑥𝑥 �𝑥𝑥 + 𝑦𝑦 �𝑦𝑦 = 𝑟𝑟𝑟̂𝑟

𝑟𝑟 = 𝑥𝑥 �𝑥𝑥 + 𝑦𝑦 �𝑦𝑦
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𝑚𝑚 ̈⃗𝑟𝑟 ⋅ 𝑟̂𝑟 =
𝑑𝑑
𝑑𝑑𝑑𝑑

𝑚𝑚 ̇⃗𝑟𝑟 ⋅ 𝑟̂𝑟 − 𝑚𝑚 ̇⃗𝑟𝑟
𝑑𝑑
𝑑𝑑𝑑𝑑

𝑟̂𝑟

=
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑚𝑚𝑟̇𝑟 − 𝑚𝑚 𝑟̇𝑟𝑟̂𝑟 + 𝑟𝑟𝜃̇𝜃𝜃̂𝜃 ⋅ 𝜃̇𝜃𝜃̂𝜃

= 𝑚𝑚𝑟̈𝑟 −𝑚𝑚𝑚𝑚𝜃̇𝜃2

𝑚𝑚 ̈⃗𝑟𝑟 ⋅ 𝜃̂𝜃 =
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑚𝑚 ̇⃗𝑟𝑟 ⋅ 𝜃̂𝜃 − 𝑚𝑚 ̇⃗𝑟𝑟

𝑑𝑑𝜃̂𝜃
𝑑𝑑𝑑𝑑

=
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑚𝑚 𝑟̇𝑟𝑟̂𝑟 + 𝑟𝑟𝜃̇𝜃𝜃̂𝜃 ⋅ 𝜃̂𝜃 − 𝑚𝑚(𝑟̇𝑟𝑟̂𝑟 + 𝑟𝑟𝜃̇𝜃𝜃̂𝜃) ⋅ −𝜃̇𝜃𝑟̂𝑟

= 𝑚𝑚𝑟̇𝑟𝜃̇𝜃 + 𝑚𝑚𝑚𝑚𝜃̈𝜃 + 𝑚𝑚𝑟̇𝑟𝜃̇𝜃 = 𝑚𝑚𝑚𝑚𝜃̈𝜃 + 2𝑚𝑚𝑟̇𝑟𝜃̇𝜃

𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑

⋅ 𝛿𝛿𝑟𝑟 = 𝑚𝑚𝑟̈𝑟 −𝑚𝑚𝑚𝑚𝜃̇𝜃2 𝛿𝛿𝛿𝛿 + (𝑚𝑚𝑚𝑚𝜃̈𝜃 + 2𝑚𝑚𝑟̇𝑟𝜃̇𝜃)𝛿𝛿𝛿𝛿

𝑟̂𝑟 ∶ 𝐹𝐹𝑐𝑐 = 𝑚𝑚 𝑟̈𝑟 + 𝑔𝑔 cos𝜃𝜃 − 𝑟𝑟 ̇𝜃𝜃2
𝜃̂𝜃 ∶ 0 = 𝑚𝑚𝑚𝑚 𝑔𝑔 sin𝜃𝜃 + 𝑟𝑟𝜃̈𝜃 + 2𝑟̇𝑟𝜃̇𝜃

𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑

⋅ 𝛿𝛿𝑟𝑟 = 𝑚𝑚 ̈⃗𝑟𝑟 ⋅ 𝛿𝛿𝛿𝛿𝑟̂𝑟 + 𝑟𝑟𝑟𝑟𝑟𝑟𝜃̂𝜃

= 𝑚𝑚 ̈⃗𝑟𝑟 ⋅ 𝑟̂𝑟 𝛿𝛿𝛿𝛿 + 𝑟𝑟 𝑚𝑚 ̈⃗𝑟𝑟 ⋅ 𝜃̂𝜃 𝛿𝛿𝛿𝛿

𝐹⃗𝐹 ⋅ 𝛿𝛿𝑟𝑟 = −𝑚𝑚𝑚𝑚 cos𝜃𝜃 + 𝐹𝐹𝑐𝑐 𝛿𝛿𝛿𝛿 + 𝑚𝑚𝑚𝑚𝑚𝑚 sin𝜃𝜃 𝛿𝛿𝛿𝛿
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)𝑟𝑟 = 𝑟𝑟(𝑞𝑞1, 𝑞𝑞2,⋯ , 𝑞𝑞𝑛𝑛, 𝑡𝑡

𝑣⃗𝑣 =
𝑑𝑑𝑟𝑟
𝑑𝑑𝑑𝑑

= �
𝑘𝑘

𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑘𝑘

̇𝑞𝑞𝑘𝑘 +
𝜕𝜕𝑟𝑟
𝜕𝜕𝑡𝑡

𝛿𝛿𝑟𝑟 = �
𝑗𝑗

𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

𝛿𝛿𝑞𝑞𝑗𝑗

𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑 ⋅ 𝛿𝛿𝑟𝑟 = �

𝑗𝑗

𝑚𝑚 ̈⃗𝑟𝑟
𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

𝛿𝛿𝑞𝑞𝑗𝑗

𝑚𝑚 ̈⃗𝑟𝑟
𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

𝛿𝛿𝑞𝑞𝑗𝑗 =
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑚𝑚 ̇⃗𝑟𝑟

𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

𝛿𝛿𝑞𝑞𝑗𝑗 − 𝑚𝑚 ̇⃗𝑟𝑟
𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

𝛿𝛿𝑞𝑞𝑗𝑗

=
𝑑𝑑
𝑑𝑑𝑑𝑑 𝑚𝑚𝑣⃗𝑣

𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

𝛿𝛿𝑞𝑞𝑗𝑗 − 𝑚𝑚𝑣⃗𝑣
𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

𝛿𝛿𝑞𝑞𝑗𝑗
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𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

=
𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗

𝑑𝑑𝑟𝑟
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝑣⃗𝑣
𝜕𝜕𝑞𝑞𝑗𝑗

𝜕𝜕𝑣⃗𝑣
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

=
𝜕𝜕
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

𝑑𝑑𝑟𝑟
𝑑𝑑𝑑𝑑

=
𝜕𝜕
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

�
𝑘𝑘

𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑘𝑘

̇𝑞𝑞𝑘𝑘 +
𝜕𝜕𝑟𝑟
𝜕𝜕𝑡𝑡

=
𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑

𝛿𝛿𝑟𝑟 = �
𝑗𝑗

𝑑𝑑
𝑑𝑑𝑑𝑑 𝑚𝑚𝑣⃗𝑣

𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

− 𝑚𝑚𝑣⃗𝑣
𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

⋅ 𝛿𝛿𝑞𝑞𝑗𝑗

= �
𝑗𝑗

𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

1
2𝑚𝑚𝑣⃗𝑣

2 −
𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗

1
2𝑚𝑚𝑣⃗𝑣

2 ⋅ 𝛿𝛿𝑞𝑞𝑗𝑗

= �
𝑗𝑗

𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

𝑇𝑇 −
𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗

𝑇𝑇 ⋅ 𝛿𝛿𝑞𝑞𝑗𝑗

= �
𝑗𝑗

𝑑𝑑
𝑑𝑑𝑑𝑑

𝑚𝑚𝑣⃗𝑣
𝜕𝜕𝑣⃗𝑣
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

− 𝑚𝑚𝑣⃗𝑣
𝜕𝜕𝑣⃗𝑣
𝜕𝜕𝑞𝑞𝑗𝑗

⋅ 𝛿𝛿𝑞𝑞𝑗𝑗
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𝐹⃗𝐹 ⋅ 𝛿𝛿𝑟𝑟 = �
𝑗𝑗

𝐹⃗𝐹 ⋅
𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

𝛿𝛿𝑞𝑞𝑗𝑗

= �
j

𝑄𝑄𝑗𝑗𝛿𝛿𝑞𝑞𝑗𝑗

𝐹⃗𝐹 −
𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑 ⋅ δ𝑟𝑟 = �

𝑗𝑗

𝑄𝑄𝑗𝑗 −
𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

𝑇𝑇 +
𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗

𝑇𝑇 𝛿𝛿𝑞𝑞𝑗𝑗 = 0

𝑄𝑄𝑗𝑗 =
𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

𝑇𝑇 −
𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗

𝑇𝑇 : Lagrange 방정식
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𝑇𝑇 =

1
2
𝑚𝑚𝑣𝑣2 =

1
2
𝑚𝑚 𝑥̇𝑥2 + 𝑦̇𝑦2 =

1
2
𝑚𝑚(𝑟̇𝑟2 + 𝑟𝑟2𝜃̇𝜃2)

𝐹⃗𝐹 = 𝐹𝐹𝑐𝑐𝑟̂𝑟 − 𝑚𝑚𝑚𝑚 cos𝜃𝜃 𝑟̂𝑟 − 𝑚𝑚𝑚𝑚 sin𝜃𝜃 𝜃̂𝜃

𝑄𝑄𝑟𝑟 = 𝐹⃗𝐹
𝜕𝜕𝑟𝑟
𝜕𝜕𝑟𝑟 = 𝐹⃗𝐹 � 𝑟̂𝑟 = 𝐹𝐹𝑐𝑐 − 𝑚𝑚𝑚𝑚 cos𝜃𝜃

𝑄𝑄𝑟𝑟 =
𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕𝑟̇𝑟

𝑇𝑇 −
𝜕𝜕
𝜕𝜕𝑟𝑟

𝑇𝑇

𝐹𝐹𝑐𝑐 − 𝑚𝑚𝑚𝑚 cos𝜃𝜃 = 𝑚𝑚𝑟̈𝑟 − 𝑚𝑚𝑚𝑚𝜃̇𝜃2

∴ 𝐹𝐹𝑐𝑐 = 𝑚𝑚 𝑟̈𝑟 + 𝑔𝑔 cos𝜃𝜃 − 𝑟𝑟𝜃̇𝜃2

𝑥𝑥 = 𝑟𝑟 sin𝜃𝜃
𝑦𝑦 = 𝑟𝑟 cos𝜃𝜃

𝑟̂𝑟 = sin𝜃𝜃 �𝑥𝑥 + cos𝜃𝜃 �𝑦𝑦

𝜃̂𝜃 = cos𝜃𝜃 �𝑥𝑥 − sin𝜃𝜃 �𝑦𝑦

�𝑥𝑥 = cos𝜃𝜃 𝜃̂𝜃 + sin𝜃𝜃 𝑟̂𝑟

�𝑦𝑦 = − sin𝜃𝜃 𝜃̂𝜃 + cos𝜃𝜃 𝑟̂𝑟

𝑟𝑟 = 𝑥𝑥 �𝑥𝑥 + 𝑦𝑦 �𝑦𝑦 = 𝑟𝑟𝑟̂𝑟

𝑟𝑟 = 𝑥𝑥 �𝑥𝑥 + 𝑦𝑦 �𝑦𝑦

𝜕𝜕𝑟𝑟
𝜕𝜕𝑟𝑟 = 𝑟̂𝑟
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𝑄𝑄𝜃𝜃 =
𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕𝜃̇𝜃

𝑇𝑇 −
𝜕𝜕
𝜕𝜕𝜃𝜃

𝑇𝑇

−𝑚𝑚𝑚𝑚𝑚𝑚 sin𝜃𝜃 = 𝑚𝑚𝑚𝑚2𝜃̈𝜃 + 2𝑚𝑚𝑚𝑚𝑟̇𝑟𝜃̇𝜃

∴ 0 = 𝑚𝑚𝑚𝑚 𝑔𝑔 sin𝜃𝜃 + 𝑟𝑟𝜃̈𝜃 + 2𝑟̇𝑟𝜃̇𝜃

𝑄𝑄𝜃𝜃 = 𝐹⃗𝐹
𝜕𝜕𝑟𝑟
𝜕𝜕𝜃𝜃

= 𝐹⃗𝐹
𝜕𝜕 𝑟𝑟sin𝜃𝜃 �𝑥𝑥 + 𝑟𝑟 cos𝜃𝜃 �𝑦𝑦

𝜕𝜕𝜃𝜃
= 𝑟𝑟𝐹⃗𝐹 ⋅ 𝜃̂𝜃 = −𝑚𝑚𝑚𝑚𝑚𝑚 sin𝜃𝜃
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𝐹⃗𝐹 ⋅ 𝛿𝛿𝑟𝑟 = �
𝑗𝑗

𝐹⃗𝐹 ⋅
𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

𝛿𝛿𝑞𝑞𝑗𝑗

= �
j

𝑄𝑄𝑗𝑗𝛿𝛿𝑞𝑞𝑗𝑗

𝑄𝑄𝑗𝑗 = 𝐹⃗𝐹 ⋅
𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

= −(𝛻𝛻𝑉𝑉) ⋅
𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

= −
𝜕𝜕𝑉𝑉
𝜕𝜕𝑞𝑞𝑗𝑗

𝑝⃗𝑝 = 𝛾𝛾𝛾𝛾𝑣⃗𝑣 =
1

1 − 𝛽𝛽2
𝑚𝑚𝑣⃗𝑣… 𝛽𝛽 =

𝑣⃗𝑣
𝑐𝑐

𝛿𝛿𝑟𝑟 = �
𝑗𝑗

𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

𝛿𝛿𝑞𝑞𝑗𝑗

𝑣⃗𝑣 =
𝑑𝑑𝑟𝑟
𝑑𝑑𝑑𝑑

= �
𝑘𝑘

𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑘𝑘

̇𝑞𝑞𝑘𝑘 +
𝜕𝜕𝑟𝑟
𝜕𝜕𝑡𝑡

𝜕𝜕𝑣⃗𝑣
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

=
𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑 ⋅ 𝛿𝛿𝑟𝑟 =

𝑑𝑑 𝛾𝛾𝛾𝛾𝑣⃗𝑣
𝑑𝑑𝑑𝑑 ⋅ 𝛿𝛿𝑟𝑟

= �
𝑗𝑗

𝑑𝑑
𝑑𝑑𝑑𝑑

𝑚𝑚𝑣⃗𝑣
1 − 𝛽𝛽2

⋅
𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

𝛿𝛿𝑞𝑞𝑗𝑗

𝐹⃗𝐹 −
𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑

⋅ δ𝑟𝑟 = 0

D’Alembert’s principle

𝐹⃗𝐹 ⋅ 𝛿𝛿𝑟𝑟 = −�
j

𝜕𝜕𝑉𝑉
𝜕𝜕𝑞𝑞𝑗𝑗

𝛿𝛿𝑞𝑞𝑗𝑗
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𝑑𝑑
𝑑𝑑𝑑𝑑

𝑚𝑚𝑣⃗𝑣
1 − 𝛽𝛽2

⋅
𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

=
𝑑𝑑
𝑑𝑑𝑑𝑑

𝑚𝑚𝑣⃗𝑣
1 − 𝛽𝛽2

⋅
𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

−
𝑚𝑚𝑣⃗𝑣

1 − 𝛽𝛽2
⋅
𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗

=
𝑑𝑑
𝑑𝑑𝑑𝑑

𝑚𝑚𝑣⃗𝑣
1 − 𝛽𝛽2

⋅
𝜕𝜕𝑣⃗𝑣
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

−
𝑚𝑚𝑣⃗𝑣

1 − 𝛽𝛽2
⋅
𝜕𝜕𝑣⃗𝑣
𝜕𝜕𝑞𝑞𝑗𝑗

= 𝑚𝑚𝑚𝑚2
𝑑𝑑
𝑑𝑑𝑑𝑑

𝛽𝛽
1 − 𝛽𝛽2

⋅
𝜕𝜕𝛽𝛽
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

−
𝛽𝛽

1 − 𝛽𝛽2
⋅
𝜕𝜕𝛽𝛽
𝜕𝜕𝑞𝑞𝑗𝑗

= 𝑚𝑚𝑚𝑚2 −
𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

1 − 𝛽𝛽2 +
𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗

1 − 𝛽𝛽2

=
𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

−
𝑚𝑚𝑚𝑚2

𝛾𝛾 −
𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗

−
𝑚𝑚𝑚𝑚2

𝛾𝛾
=
𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

𝑇𝑇 −
𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗

𝑇𝑇 𝑇𝑇 ≡ −
𝑚𝑚𝑐𝑐2

𝛾𝛾
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0 =
𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

𝑇𝑇 − 𝑉𝑉 −
𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗

𝑇𝑇 − 𝑉𝑉 … 𝑇𝑇 ≡ −
𝑚𝑚𝑐𝑐2

𝛾𝛾

=
𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

ℒ −
𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗

ℒ … ℒ ≡ 𝑇𝑇 − 𝑉𝑉

𝐾𝐾 = 𝛾𝛾𝛾𝛾𝑐𝑐2 − 𝑚𝑚𝑐𝑐2 = 𝑚𝑚𝑐𝑐2
1

1 − 𝑣𝑣2
𝑐𝑐2

− 1

≠ 𝑇𝑇 = −
𝑚𝑚𝑐𝑐2

𝛾𝛾 = −𝑚𝑚𝑚𝑚2 1 −
𝑣𝑣2

𝑐𝑐2

상대론적용된경우의라그랑지안은운동에너지와위치에너지의차이가아니다. 

𝐹⃗𝐹 ⋅ 𝛿𝛿𝑟𝑟 = −�
j

𝜕𝜕𝑉𝑉
𝜕𝜕𝑞𝑞𝑗𝑗

𝛿𝛿𝑞𝑞𝑗𝑗

𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑

⋅ 𝛿𝛿𝑟𝑟 = �
𝑗𝑗

𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

𝑇𝑇 −
𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗

𝑇𝑇 𝛿𝛿𝑞𝑞𝑗𝑗

𝐹⃗𝐹 ⋅ δ𝑟𝑟 −
𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑 ⋅ δ𝑟𝑟 = 0

−
𝜕𝜕𝑉𝑉
𝜕𝜕𝑞𝑞𝑗𝑗

−
𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

𝑇𝑇 +
𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗

𝑇𝑇 = 0

𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

𝑇𝑇 −
𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗

(𝑇𝑇 − 𝑉𝑉) = 0
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𝑇𝑇 = −
𝑚𝑚𝑐𝑐2

𝛾𝛾
= −𝑚𝑚𝑐𝑐2 1 −

𝑣𝑣2

𝑐𝑐2ℒ ≡ 𝑇𝑇 − 𝑉𝑉 = −𝑚𝑚𝑐𝑐2 1 −
𝑎𝑎2𝜃̇𝜃2

𝑐𝑐2 − 𝑚𝑚𝑚𝑚𝑚𝑚 cos 𝜃𝜃

𝑣𝑣2 = 𝑟̇𝑟2 + 𝑟𝑟2𝜃̇𝜃2

𝑟𝑟 = 𝑎𝑎

𝑣𝑣2 = 𝑎𝑎2𝜃̇𝜃2

𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕𝜃̇𝜃

ℒ −
𝜕𝜕
𝜕𝜕𝜃𝜃

ℒ = 0

𝜕𝜕𝜕
𝜕𝜕𝜃̇𝜃

= −𝑚𝑚𝑐𝑐2 �
1
2 � 𝛾𝛾 � −2

𝑎𝑎2

𝑐𝑐2 𝜃̇𝜃 = 𝑎𝑎2𝑚𝑚𝛾𝛾𝜃̇𝜃

𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕𝜃̇𝜃

ℒ = 𝑎𝑎2𝑚𝑚𝛾̇𝛾𝜃̇𝜃 + 𝑎𝑎2𝑚𝑚𝛾𝛾𝜃̈𝜃

𝜕𝜕
𝜕𝜕𝜃𝜃 ℒ = 𝑚𝑚𝑚𝑚𝑚𝑚 sin 𝜃𝜃

𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕𝜃̇𝜃

ℒ −
𝜕𝜕
𝜕𝜕𝜃𝜃 ℒ = 𝑎𝑎2𝑚𝑚𝛾̇𝛾𝜃̇𝜃 + 𝑎𝑎2𝑚𝑚𝛾𝛾𝜃̈𝜃 − 𝑚𝑚𝑚𝑚𝑚𝑚 sin 𝜃𝜃 = 0
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=
𝑑𝑑
𝑑𝑑𝑑𝑑

𝑚𝑚𝑣⃗𝑣
1 − 𝛽𝛽2

⋅
𝜕𝜕𝑣⃗𝑣
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

−
𝑚𝑚𝑣⃗𝑣

1 − 𝛽𝛽2
⋅
𝜕𝜕𝑣⃗𝑣
𝜕𝜕𝑞𝑞𝑗𝑗

=
𝑑𝑑
𝑑𝑑𝑑𝑑 𝛾𝛾𝑚𝑚𝑣⃗𝑣 ⋅

𝜕𝜕𝑣⃗𝑣
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

− 𝛾𝛾𝛾𝛾𝑣⃗𝑣 ⋅
𝜕𝜕𝑣⃗𝑣
𝜕𝜕𝑞𝑞𝑗𝑗

=
𝑑𝑑
𝑑𝑑𝑑𝑑 𝛾𝛾

𝜕𝜕
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

1
2𝑚𝑚𝑣𝑣

2 − 𝛾𝛾
𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗

1
2𝑚𝑚𝑣𝑣

2

=
𝑑𝑑
𝑑𝑑𝑑𝑑 𝛾𝛾

𝜕𝜕𝑇𝑇
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

− 𝛾𝛾
𝜕𝜕𝑇𝑇
𝜕𝜕𝑞𝑞𝑗𝑗

𝐹⃗𝐹 ⋅ 𝛿𝛿𝑟𝑟 = −�
j

𝜕𝜕𝑉𝑉
𝜕𝜕𝑞𝑞𝑗𝑗

𝛿𝛿𝑞𝑞𝑗𝑗 = �
j

𝑄𝑄𝑗𝑗𝛿𝛿𝑞𝑞𝑗𝑗

𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑

⋅ 𝛿𝛿𝑟𝑟 = �
𝑗𝑗

𝑑𝑑
𝑑𝑑𝑑𝑑

𝛾𝛾
𝜕𝜕𝑇𝑇
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

− 𝛾𝛾
𝜕𝜕𝑇𝑇
𝜕𝜕𝑞𝑞𝑗𝑗

𝛿𝛿𝑞𝑞𝑗𝑗

𝐹⃗𝐹 ⋅ δ𝑟𝑟 −
𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑 ⋅ δ𝑟𝑟 = 0

−
𝜕𝜕𝑉𝑉
𝜕𝜕𝑞𝑞𝑗𝑗

−
𝑑𝑑
𝑑𝑑𝑑𝑑

𝛾𝛾
𝜕𝜕𝑇𝑇
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

+ 𝛾𝛾
𝜕𝜕𝑇𝑇
𝜕𝜕𝑞𝑞𝑗𝑗

= 0

𝑑𝑑
𝑑𝑑𝑑𝑑 𝛾𝛾

𝜕𝜕𝑇𝑇
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

+ 𝛾𝛾
𝜕𝜕𝑇𝑇
𝜕𝜕𝑞𝑞𝑗𝑗

−
𝜕𝜕𝑉𝑉
𝜕𝜕𝑞𝑞𝑗𝑗

= 0

𝑑𝑑
𝑑𝑑𝑑𝑑 𝛾𝛾

𝜕𝜕𝑇𝑇
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

−
𝜕𝜕𝑉𝑉
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

+ 𝛾𝛾
𝜕𝜕𝑇𝑇
𝜕𝜕𝑞𝑞𝑗𝑗

−
𝜕𝜕𝑉𝑉
𝜕𝜕𝑞𝑞𝑗𝑗

= 0 Parc’s equation

𝑑𝑑
𝑑𝑑𝑑𝑑

𝑚𝑚𝑣⃗𝑣
1 − 𝛽𝛽2

⋅
𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑗𝑗
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𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑

= 𝐹⃗𝐹 = 𝑞𝑞𝐸𝐸 + 𝑞𝑞𝑣⃗𝑣 × 𝐵𝐵

𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕𝑇𝑇
𝜕𝜕 ̇𝑞𝑞𝑘𝑘

−
𝜕𝜕𝑇𝑇
𝜕𝜕𝑞𝑞𝑘𝑘

= 𝑄𝑄𝑘𝑘

𝑄𝑄𝑘𝑘 = 𝐹⃗𝐹 �
𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑘𝑘

= 𝑞𝑞 𝐸𝐸 + 𝑣⃗𝑣 × 𝐵𝐵 �
𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑘𝑘

𝛻𝛻 � 𝐸𝐸 =
1
𝜀𝜀0
𝜌𝜌

𝛻𝛻 � 𝐵𝐵 = 0

𝛻𝛻 × 𝐸𝐸 = −
𝜕𝜕𝐵𝐵
𝜕𝜕𝑡𝑡

𝛻𝛻 × 𝐵𝐵 = 𝜇𝜇0𝐽𝐽 + 𝜇𝜇0𝜀𝜀0
𝜕𝜕𝐸𝐸
𝜕𝜕𝑡𝑡

𝐵𝐵 = 𝛻𝛻 × 𝐴𝐴

Maxwell equationsNewton equation

𝛻𝛻 × 𝐸𝐸 +
𝜕𝜕
𝜕𝜕𝑡𝑡 𝐴𝐴 = 0 𝐸𝐸 = −𝛻𝛻𝑉𝑉 −

𝜕𝜕
𝜕𝜕𝑡𝑡 𝐴𝐴

𝑄𝑄𝑘𝑘 = 𝑞𝑞 −𝛻𝛻𝑉𝑉 −
𝜕𝜕
𝜕𝜕𝜕𝜕 𝐴𝐴 + 𝑣⃗𝑣 × 𝛻𝛻 × 𝐴𝐴 �

𝜕𝜕𝑟𝑟
𝜕𝜕𝑞𝑞𝑘𝑘
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𝑑𝑑
𝑑𝑑𝑑𝑑
𝜕𝜕𝑇𝑇
𝜕𝜕𝑥̇𝑥

−
𝜕𝜕𝑇𝑇
𝜕𝜕𝑥𝑥

= 𝑄𝑄𝑥𝑥

𝑄𝑄𝑥𝑥 = 𝐹⃗𝐹 �
𝜕𝜕𝑟𝑟
𝜕𝜕𝑥𝑥 = 𝑞𝑞 𝐸𝐸 + 𝑣⃗𝑣 × 𝐵𝐵 �

𝜕𝜕𝑟𝑟
𝜕𝜕𝑥𝑥

Cartesian coordinate

𝑄𝑄𝑥𝑥 = 𝑞𝑞 −𝛻𝛻𝑉𝑉 −
𝜕𝜕
𝜕𝜕𝜕𝜕 𝐴𝐴 + 𝑣⃗𝑣 × 𝛻𝛻 × 𝐴𝐴 �

𝜕𝜕𝑟𝑟
𝜕𝜕𝑥𝑥

𝑣⃗𝑣 = 𝑥̇𝑥 �𝑥𝑥 + 𝑦̇𝑦 �𝑦𝑦 + 𝑧̇𝑧𝑠̂𝑠 ≡ 𝑣𝑣𝑥𝑥 �𝑥𝑥 + 𝑣𝑣𝑦𝑦 �𝑦𝑦 + 𝑣𝑣𝑠𝑠𝑠̂𝑠

𝐴𝐴 = 𝐴𝐴 � �𝑥𝑥 �𝑥𝑥 + 𝐴𝐴 � �𝑦𝑦 �𝑦𝑦 + 𝐴𝐴 � 𝑧̂𝑧 𝑧̂𝑧 ≡ 𝐴𝐴𝑥𝑥 �𝑥𝑥 + 𝐴𝐴𝑦𝑦 �𝑦𝑦 + 𝐴𝐴𝑧𝑧𝑧̂𝑧

𝜕𝜕𝑟𝑟
𝜕𝜕𝑥𝑥

=
𝜕𝜕 𝑥𝑥 �𝑥𝑥 + 𝑦𝑦 �𝑦𝑦 + 𝑧𝑧𝑧̂𝑧

𝜕𝜕𝑥𝑥
= �𝑥𝑥

𝑄𝑄𝑥𝑥 = 𝑞𝑞 −𝛻𝛻𝑉𝑉 −
𝜕𝜕
𝜕𝜕𝑡𝑡 𝐴𝐴 + 𝑣⃗𝑣 × 𝛻𝛻 × 𝐴𝐴 � �𝑥𝑥

= 𝑞𝑞 −𝛻𝛻𝑉𝑉 � �𝑥𝑥 −
𝜕𝜕
𝜕𝜕𝑡𝑡 𝐴𝐴 � �𝑥𝑥 + 𝑣⃗𝑣 × 𝛻𝛻 × 𝐴𝐴 � �𝑥𝑥

𝑣⃗𝑣 × 𝛻𝛻 × 𝐴𝐴 = 𝑣⃗𝑣 ×
𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝜕𝜕 −

𝜕𝜕𝐴𝐴𝑦𝑦
𝜕𝜕𝜕𝜕 �𝑥𝑥 −

𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝜕𝜕 −

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝜕𝜕 �𝑦𝑦 +

𝜕𝜕𝐴𝐴𝑦𝑦
𝜕𝜕𝜕𝜕 −

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝜕𝜕 𝑧̂𝑧

≡ 𝑣⃗𝑣 × 𝛻𝛻 × 𝐴𝐴 𝑥𝑥 �𝑥𝑥 + 𝛻𝛻 × 𝐴𝐴 𝑦𝑦 �𝑦𝑦 + 𝛻𝛻 × 𝐴𝐴 𝑧𝑧𝑧̂𝑧
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𝑣⃗𝑣 × 𝛻𝛻 × 𝐴𝐴 =
�𝑥𝑥 �𝑦𝑦 𝑧̂𝑧
𝑣𝑣𝑥𝑥 𝑣𝑣𝑦𝑦 𝑣𝑣𝑠𝑠

𝛻𝛻 × 𝐴𝐴 𝑥𝑥 𝛻𝛻 × 𝐴𝐴 𝑦𝑦 𝛻𝛻 × 𝐴𝐴 𝑧𝑧

𝑣⃗𝑣 × 𝛻𝛻 × 𝐴𝐴 � �𝑥𝑥 = 𝑣𝑣𝑦𝑦𝐴𝐴3 − 𝑣𝑣𝑧𝑧𝐴𝐴2

= 𝑣𝑣𝑦𝑦
𝜕𝜕𝐴𝐴𝑦𝑦
𝜕𝜕𝑥𝑥 −

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑦𝑦 + 𝑣𝑣𝑧𝑧

𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝑥𝑥 −

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑧𝑧

= 𝑣𝑣𝑦𝑦
𝜕𝜕𝐴𝐴𝑦𝑦
𝜕𝜕𝑥𝑥 − 𝑣𝑣𝑦𝑦

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑦𝑦 + 𝑣𝑣𝑧𝑧

𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝑥𝑥 − 𝑣𝑣𝑧𝑧

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑧𝑧

𝑑𝑑𝑑𝑑𝑥𝑥
𝑑𝑑𝑑𝑑 =

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑥𝑥

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 +

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑦𝑦

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 +

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑧𝑧

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 +

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑡𝑡

=
𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑥𝑥 𝑣𝑣𝑥𝑥 +

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑦𝑦 𝑣𝑣𝑦𝑦 +

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑧𝑧 𝑣𝑣𝑧𝑧 +

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑡𝑡

𝑣⃗𝑣 × 𝛻𝛻 × 𝐴𝐴 � �𝑥𝑥

= 𝑣𝑣𝑦𝑦
𝜕𝜕𝐴𝐴𝑦𝑦
𝜕𝜕𝑥𝑥 − 𝑣𝑣𝑦𝑦

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑦𝑦 + 𝑣𝑣𝑧𝑧

𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝑥𝑥 − 𝑣𝑣𝑧𝑧

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑧𝑧 +

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑥𝑥 𝑣𝑣𝑥𝑥 −

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑥𝑥 𝑣𝑣𝑥𝑥

= 𝑣𝑣𝑦𝑦
𝜕𝜕𝐴𝐴𝑦𝑦
𝜕𝜕𝑥𝑥 + 𝑣𝑣𝑧𝑧

𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝑥𝑥 + 𝑣𝑣𝑥𝑥

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑥𝑥 −

𝑑𝑑𝑑𝑑𝑥𝑥
𝑑𝑑𝑑𝑑 +

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑡𝑡 = 𝑣⃗𝑣 �

𝜕𝜕𝐴𝐴
𝜕𝜕𝜕𝜕 −

𝑑𝑑𝑑𝑑𝑥𝑥
𝑑𝑑𝑑𝑑 +

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝜕𝜕

= 𝑣𝑣𝑦𝑦 𝛻𝛻 × 𝐴𝐴 𝑧𝑧 − 𝑣𝑣𝑧𝑧 𝛻𝛻 × 𝐴𝐴 𝑦𝑦 �𝑥𝑥 − 𝑣𝑣𝑥𝑥 𝛻𝛻 × 𝐴𝐴 𝑧𝑧 − 𝑣𝑣𝑧𝑧 𝛻𝛻 × 𝐴𝐴 𝑥𝑥 �𝑦𝑦 + 𝑣𝑣𝑥𝑥 𝛻𝛻 × 𝐴𝐴 𝑦𝑦 − 𝑣𝑣𝑦𝑦 𝛻𝛻 × 𝐴𝐴 𝑥𝑥 𝑧̂𝑧
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𝑄𝑄𝑥𝑥 = 𝑞𝑞 −𝛻𝛻𝑉𝑉 � �𝑥𝑥 −
𝜕𝜕
𝜕𝜕𝑡𝑡 𝐴𝐴 � �𝑥𝑥 + 𝑣⃗𝑣 × 𝛻𝛻 × 𝐴𝐴 � �𝑥𝑥

= 𝑞𝑞 −
𝜕𝜕𝑉𝑉
𝜕𝜕𝑥𝑥

−
𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑡𝑡

+ 𝑣⃗𝑣 �
𝜕𝜕𝐴𝐴
𝜕𝜕𝑥𝑥

−
𝑑𝑑𝑑𝑑𝑥𝑥
𝑑𝑑𝑑𝑑

+
𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝑡𝑡

= 𝑞𝑞 −
𝜕𝜕𝑉𝑉
𝜕𝜕𝑥𝑥 + 𝑣⃗𝑣 �

𝜕𝜕𝐴𝐴
𝜕𝜕𝑥𝑥 −

𝑑𝑑𝑑𝑑𝑥𝑥
𝑑𝑑𝑑𝑑

𝑄𝑄𝑥𝑥 = 𝑞𝑞 −
𝜕𝜕
𝜕𝜕𝑥𝑥 𝑉𝑉 − 𝑣⃗𝑣 � 𝐴𝐴 −

𝑑𝑑𝑑𝑑𝑥𝑥
𝑑𝑑𝑑𝑑

𝑑𝑑
𝑑𝑑𝑑𝑑
𝜕𝜕𝑇𝑇
𝜕𝜕𝑥̇𝑥

−
𝜕𝜕𝑇𝑇
𝜕𝜕𝑥𝑥

= −𝑞𝑞
𝜕𝜕
𝜕𝜕𝑥𝑥

𝑉𝑉 − 𝑣⃗𝑣 � 𝐴𝐴 − 𝑞𝑞
𝑑𝑑𝑑𝑑𝑥𝑥
𝑑𝑑𝑑𝑑

𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕𝑇𝑇
𝜕𝜕𝑥̇𝑥

+ 𝑞𝑞𝐴𝐴𝑥𝑥 −
𝜕𝜕
𝜕𝜕𝑥𝑥 𝑇𝑇 − 𝑞𝑞𝑞𝑞 + 𝑞𝑞𝑣⃗𝑣 � 𝐴𝐴 = 0

𝐴𝐴𝑥𝑥 =
𝜕𝜕
𝜕𝜕𝑥̇𝑥 𝐴𝐴 � 𝑣⃗𝑣

𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕𝑇𝑇
𝜕𝜕𝑥̇𝑥 + 𝑞𝑞

𝜕𝜕
𝜕𝜕𝑥̇𝑥 𝐴𝐴 � 𝑣⃗𝑣 −

𝜕𝜕
𝜕𝜕𝑥𝑥 𝑇𝑇 − 𝑞𝑞𝑞𝑞 + 𝑞𝑞𝑣⃗𝑣 � 𝐴𝐴 = 0

𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥̇𝑥 ℒ −

𝜕𝜕
𝜕𝜕𝑥𝑥 ℒ = 0 ℒ = 𝑇𝑇 − 𝑞𝑞𝑞𝑞 + 𝑞𝑞𝑣⃗𝑣 � 𝐴𝐴
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숙제) 육극자석내에서의운동방정식을구하시오. 
From Wikipedia

𝐵𝐵 = 𝜆𝜆𝑥𝑥𝑥𝑥,
1
2 𝜆𝜆 𝑥𝑥2 − 𝑦𝑦2 , 0 𝜆𝜆 = 6𝜇𝜇0

𝑛𝑛𝑛𝑛
𝑎𝑎3

𝐵𝐵 = 𝛻𝛻 × 𝐴𝐴

=
𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝜕𝜕

−
𝜕𝜕𝐴𝐴𝑦𝑦
𝜕𝜕𝜕𝜕 �𝑥𝑥 −

𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝜕𝜕

−
𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝜕𝜕 �𝑦𝑦 +

𝜕𝜕𝐴𝐴𝑦𝑦
𝜕𝜕𝜕𝜕

−
𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝜕𝜕 𝑧̂𝑧

𝐵𝐵𝑧𝑧 =
𝜕𝜕𝐴𝐴𝑦𝑦
𝜕𝜕𝜕𝜕 −

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝜕𝜕 = 0 𝐴𝐴𝑥𝑥 = 𝐴𝐴𝑦𝑦 = 0

𝐵𝐵𝑥𝑥 =
𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝜕𝜕 −

𝜕𝜕𝐴𝐴𝑦𝑦
𝜕𝜕𝜕𝜕 =

𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝜕𝜕 = 𝜆𝜆𝑥𝑥𝑥𝑥

𝐵𝐵𝑦𝑦 = −
𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝜕𝜕 −

𝜕𝜕𝐴𝐴𝑥𝑥
𝜕𝜕𝜕𝜕 = −

𝜕𝜕𝐴𝐴𝑧𝑧
𝜕𝜕𝜕𝜕 =

1
2 𝜆𝜆 𝑥𝑥2 − 𝑦𝑦2

∴ 𝐴𝐴 = 0, 0,−
1
6 𝜆𝜆 𝑥𝑥3 − 3𝑥𝑥𝑦𝑦2
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𝐴𝐴 = 0, 0,−
𝜆𝜆
6 𝑥𝑥3 − 3𝑥𝑥𝑦𝑦2

𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥̇𝑥

ℒ −
𝜕𝜕
𝜕𝜕𝑥𝑥

ℒ = 0

ℒ = 𝑇𝑇 − 𝑞𝑞𝑞𝑞 + 𝑞𝑞𝑣⃗𝑣 � 𝐴𝐴 = −
𝑚𝑚𝑐𝑐2

𝛾𝛾
− 𝑞𝑞𝑞𝑞 + 𝑞𝑞𝑣⃗𝑣 � 𝐴𝐴

= −𝑚𝑚𝑐𝑐2 1 −
𝑥̇𝑥2 + 𝑦̇𝑦2 + 𝑧̇𝑧2

𝑐𝑐2 − 𝑞𝑞
𝜆𝜆
6 𝑥𝑥3 − 3𝑥𝑥𝑦𝑦2 𝑧̇𝑧

𝜕𝜕
𝜕𝜕𝑥̇𝑥

ℒ = 𝛾𝛾𝑚𝑚𝑥̇𝑥

𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕𝑥̇𝑥 ℒ = 𝛾̇𝛾𝑚𝑚𝑥̇𝑥 + 𝛾𝛾𝑚𝑚𝑥̈𝑥

𝜕𝜕
𝜕𝜕𝑥𝑥

ℒ = −
𝑞𝑞𝜆𝜆
2 𝑥𝑥2 − 𝑦𝑦2 𝑧̇𝑧

∴ 𝛾̇𝛾𝑚𝑚𝑥̇𝑥 + 𝛾𝛾𝑚𝑚𝑥̈𝑥 +
𝑞𝑞𝜆𝜆
2 𝑥𝑥2 − 𝑦𝑦2 𝑧̇𝑧 = 0
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강의요약

• 지렛대의 원리
𝐹𝐹1𝑙𝑙1 = 𝐹𝐹2𝑙𝑙2 + 𝐹𝐹3𝑙𝑙3

• 가상의 일의 원리
𝛿𝛿𝑊𝑊 = 𝐹𝐹 ⋅ 𝛿𝛿𝑙𝑙

• 달랑베르의 원리

𝐹⃗𝐹 −
𝑑𝑑𝑝⃗𝑝
𝑑𝑑𝑑𝑑

⋅ 𝛿𝛿𝑟𝑟 = 0

• 라그랑지 방정식
𝑑𝑑
𝑑𝑑𝑑𝑑

𝜕𝜕
𝜕𝜕 ̇𝑞𝑞𝑗𝑗

ℒ −
𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗

ℒ = 0

• 하전입자의 라그랑지안

ℒ = −
𝑚𝑚𝑐𝑐2

𝛾𝛾
− 𝑞𝑞𝑞𝑞 + 𝑞𝑞𝑣⃗𝑣 � 𝐴𝐴
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