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Quantification of Beam Distribution Differences

» Common Method: Extract parameters from distributions for comparison.

Mismatch Factor » Identical parameters do not guarantee

RMS Emittance Shortcomings identical distributions.
99 % Fmi — > » As the dimensionality increases, parameter
o Emittance comparison becomes more complex and

less accurate.

» Improved Method: Directly compare the total distribution, We adopt

f-divergences.

» Provide reasonable computational complexity.
» Can obtain comprehensive difference information.
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f-Divergences

caniz> Introduction

Research Content

» The f-divergences are a common class of methods used to measure the difference
between two distributions, defined as follows:

Dilp1(x) || p2(x)] :/p ( )f[ (x)

Pl(X)}

» f(-) is a convex function and satisfies f(1) =0
» Different f(-) correspond to different statistical divergences:

Name f() h Range
Kullback-Leibler tint pl(x)ln[ﬁég;] [0, 00)
t+1
Jensen-Shannon % [ln (tfl) +tln t] % {pg (x) In [;31(25)27%] +01(x) In [91(215%(:2)(){) } [0,1n2]
Total Variation 5 Llt—1] %|p1 (x) — p2(x)| [0,1]
2
Squared Hellinger %(\/i -1)2 % [\/pl (x) — vp2 (x)] [0,1]

Four forms of f-divergences; t= p1(x)/p2(x); h = p2(x) - flp1(x)/p2(x)]; x € R*"
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Several Common 4D Beam Distributions

Distribution Definition Schematic Diagram of
with Elliptical oz, o,y y) = p()) 2D Projection
Symmetry I=xTy"1x (z,2)

, 1 i
Gaussian % cez! :;E H;;::
(V2m)*|z|2 - ——

T R [
(V8z)*1z12 : &

Waterbag —2 <6 E UZZZ:
(V6m)4|=|2 &S B

Quadratic form expression of beam distributions with elliptical symmetry; x = (z, 2, 4, )T;

¥ is a covariance matrixz composed of 10 independent second-order moments.
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The Dy Between Different Types of Distributions with Identical X

In the 2n-D phase space (11, 7)," - , Tn, 73,), for any two elliptically symmetric beam
distributions of different types sharing identical covariance matrixz X, their f-divergences
is independent of the specific values of the second-order moments in X.

» The fdivergence values between different 4D distributions sharing identical X:

p1(x) — pa(x) Dkr, Djs Dry Dy

Parabolic — Gaussian ~ 0.185837  0.054823  0.226909  0.262902
Waterbag — Gaussian ~ 0.495922  0.134071  0.391299  0.407679
Waterbag — Parabolic ~ 0.231856  0.071380  0.223872  0.309006

» According to this theorem, as long as the X of the two distributions is the same,

the above results are fixed. o
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f-Divergences in Relation to Mismatch Factors

In the (w1, 2, 12, ¥y, -+, Ty, Ty, -+, T, 7,) phase space (2n-D), given two elliptically sym-
metric and uncoupled beam distributions in the {z;|i=1,2,---,n} motion directions, if
their RMS emittances {&;|i = 1,2,---,n} in the 2D subspaces {(z;,2)|i=1,2,---,n}
are tdentical, then the f-divergence between them depends solely on the mismatch factors
{M;|i=1,2,---,n} in these 2D subspaces.

z m’ ! m
- e R P SVt
.. (:' : ,l \\\ 1/:‘ T NY#E m

scale _
pP1L — P2 MQZRE/RC—l
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f-Divergences in Relation to RMS Emittance Scaling Factors

Theorem

In the (my, o), 22,2, -+ , 2, T, - -+, T, 77,) phase space (2n-D), given two elliptically
symmetric and uncoupled beam distributions in the{x;|i= 1,2, -, n} motion directions,
if the mismatch factors {M;i=1,2,---,n} in the 2D subspaces represented by

{(x;, Z)|i=1,2,--- ,n} are all zero, then the f-divergence between them depends solely
on the RMS emittance scaling factors {N;|i=1,2,---,n} in these 2D subspaces.

--F~

‘ T = Staw2 _ My=My=0 S Ealy)2
Casel ./ Ny = St = 2 Case2 .-~ s 35::2;1 =2
. . - , -

M= My =0
Ni= |
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Assessment Standards for f-Divergences

» We used the previous correspondences and three ideal distributions to establish
assessment standards for the f-divergence.
» This can roughly explain the source of the differences described by f-divergence

values.
For example: Beam 4D transverse phase space tomography result analysis
coTTTTTTT PLT T Real | Drv=0197  [Reconstracted py T T 1
: closest to¥ di Rf)al X Rde.con.itrulcted J-closest to :
o Gausiap LOStTOMWOON | LS stribution | Gaussian _ ___ __ ;
Case 1 (Gaussian-Gaussian): Case 2 (Gaussian-Gaussian):
Drv
2.0
0.6 o _ &y _ 03 Mx:MyZO
0.4 £10 &y o 15 o ]
5 T =1.7(or =)
02 M, =0.3(or0.1) L0 01 O 1 L7
—+£ =1.1(or -+
0.0 My =0.1(or 0.3) 05 0.0 €40 ( 1-1)
1 2
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Dynamic Transport Evolution of Dy Linear Transport

f-Divergence remains invariant during linear transport (Dy, = Dy,)

Ele #0 [0 m]  NGOOD : 10000000 / 10000000 Ele #0 [0 m]  NGOOD : 10000000 / 10000000
XGum) — X Gorad m — X' (mrad)

VG ¥ (nrad) Y @m) — ¥ Gmrad)

.
6 6 BV
4 1 o l'
2 0e 2 2 P z'
o . (@ @) - ™
2 42 2 o4 5]
4 1] 1 0 \V
6 6 "6

“s 6 a2 o 3 4 6 s 8 6 4_ 2 0 2_ 4 & 8 ST 6 12 o 2 4 6 8 8 % a2 0o 2 1 6 8
Xmax 3,602 mm X' max 3. 602 mrad Vmax 3,598 mn Y max 3,601 mrad —> Xmax 4,126 mm X max =4. 154 mrad Vmax 1. 152wV max ~4.139 mrad

(a) Initial waterbag distribution (b) Initial parabolic distribution

Ele # (0.32 m]  NGOOD : 10000000 / 10000000 Ele #6 [0.32 m]_ NGOOD : 10000000 / 10000000
X(am) — X' (urad) X(@m) - X (urad)

o [ o [ ] ]
" Los 4] Lo.s 1 s af
2 24 24 29
os 1 0.4 ] 0s ] 0.4
2 2] 2] 2]
- i D o] o]
L, Lo

“o "o
RO IR N AT RN NI I R T I R R A ]
max =3.707 m X' max =3.682 nrad Vnax =3.856 nm Y max -3.521 mrad —> Xnax =1.260 am X max =4.216 mrad Vmax ~4.416 mm Y max =4.047 mrad

Y(m) - ¥ (wrad)

S

(¢) Quadrupole transport (waterbag) (d) Quadrupole transport (parabolic) 10/13
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Dynamic Transport Evolution of Dy| Nonlinear Transport

f- Dlvergence also remains invariant during nonlinear transport (Df1 Dy,)
ﬁ e L % i
. | . :

“s 6 a2 o 3 4 6 s 8 6 4_ 2 0 2_ 4 & 8 ST 1 2 o 2 4 6 8 8 ® a4 2 o 2 4 6 8
Xnux <3, 602 mm X max =3, 602 mrad Vnax <3595 mm Y max 3. 601 mrad —> Xmax 4,126 mm X max =4. 154 mrad Vmax 1. 152wV max ~4.139 mrad

Fle #0 (0wl 600D : 10000000 / 10000000 R Ele 20 [0a)  GO0D : 10000000 / 10000000
| m X (nead) ) ) Vo) - Y Grad)

(e) Initial waterbag distribution (f) Initial parabolic distribution

Elo #3 [0.12 8]  NGOOD ;10000000 / 10000000 . o ) Ele #3 [0.12 m]_ NGOOD : 10000000 / 10000000 -
XGm ~ X G Y@ Y Garad) X - X (orad) Y@m - Y Garad)
6 L6 ' 6 3 '
1 l ' '" R 1 ' 1 ln .
2 2 2 2
o o o o
ot 0 o
2 2 2 2
. oz, D B oz, 02
®% i 2 6 3 i 6’ %6 a2 o 2 i e 7 2 0 2 R e R N T i e
Xmax =3.770 mm X max 3.916 mrad Vmax =3.638 mm Y max ~3.866 mrad —> Xmax =1.329 mm X max ~1.757 mrad Vmax =4.187 mm ¥ max 4. 680 mrad

(g) Sextupole transport (waterbag) (h) Sextupole transport (parabolic) 1113
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Dynamic Transport Evolution of Dfl Space Charge Forces

Di(p1llp})
P1)
Ds(p1llp2) Transport Ds(pillp3)
P2 ) . )
Dr(p2llp3)

» Under linear and nonlinear transport: Ds(p1|lp2) = Di(p][lp3)-

» Space charge forces can break this conservation.

There is still much to explore about these properties.
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