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Background: Significance of High-Dimensional Phase Space Reconstruction

> Simple prediction of beam dynamics from 2D » Absence of coupling # transverse plane independence
projections introduces significant errors e " 00030
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mmmm) Complete high-dimensional beam phase space information

enables precise beam loss prediction
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Background: About Tomography

» Tomography:A Method for Reconstructing High-Dimensional
Distributions from Low-Dimensional Projections
* (e.g., Medical CT)
» Characteristics and Challenges of 4D Transverse Phase-Space Tomography:

* Limited number of measurements
* High dimensionality of the target distribution
* Measured projections are often two dimensions lower than the
reconstructed distribution
» No unique solution exists
* A finite number of projections corresponds to multiple possible high-
dimensional distributions
* Finding the most plausible solution
» Maximum-Entropy Phase-Space Tomography:
* Based on clear logic:
identifying the unique solution that maximizes entropy

 Particularly suitable for cases with sparse projection data
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Background: About Maximum-Entropy Tomography

» Los Alamos National Laboratory proposed a tomography method QNS achieved the first reconstruction from 2D to

4D using maximum entropy methods: applicable

based on the maximum entropy principle, achieving , T
only to direct projections

reconstruction from 1D to 2D
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= Wong, J. C., Shishlo, A.,

® Aleksandrov, A., Liu, Y., & Long,
C. (2022). 4D transverse phase
space tomography of an
operational hydrogen ion beam
via noninvasive 2D measurements
using laser wires. Physical
Review Accelerators and Beams,
25, 042801.

* Suited for tomography under sparse data
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Background: Maximum Entropy Tomography(MENT) Theory from 2D to 4D

» Entropy in 4D Transverse Phase Space » Optimization for extremum points

o) = I oG ) e Xy VA K] = Hlp]+ 5 )] g
 p(x,x',y,y"): Probability density
. 2Kl = —[[fInp*+ 1+ 3%, 4;(wj, u)) dxdx'dydy' = 0

» Constraints: 0 lp=p
G = g; (i) — [ p(uj,uj, vy, v)) dvydv] = 0 |
» Solution form:
! .
(u;, u; ). Measured j-th profile . x _
9w, u)) J-thp p* = C-exp(— X7, A (w,u)) — 1)
n
. (uj,u}): Direction of the j-th profile —c. 1_[ ()
» Coordinate transformation : Y x x W S
o I L VY o =
* A= MM; J ' f : ;’ « Satisfy the constraints
]
* M;: transmission matrix from the measurement * Maximize the entropy

points to the reconstruction points for the j-th profile The solution takes the form of a product

« M . Mapping matrix from phase space to of component functions

measurement coordinates



Universal Algorithm for 2D-to-4D Reconstruction Based on MENT

n constraints === n coupled nonlinear equations
n
|gk(ukr w) = ﬂp dvidvy, = Cohy (uy, wy) Jf 1_[ vkdvllc
Jj=1,j#R

Numerical Solution of n Component Functions h; (uj, u]’)

Ik (Uk, u;()
G, Jf H?:]l h}mﬂ) (uj; u]’) Y- h}m) (uj, u]') dvdv,,

[ hl(cm-l-l) (uk, U,;{j =

Mapping all h; (uj,u’j) to (v, v'y) plane for discrete bivariate integration

» Measured quantity: gj (ug, u)

S

» Unknown quantity: hy(ug,w) =

> Solution method: Iteration

(ug, U'y)

(Vi Vi)

In the k-th coordinate system, we multiply the
functions from the other n-1 distinct coordinate
systems and then integrate




Reconstruction Algorithm Verified by Simulation

» Reconstructed 4D Gaussian distribution

l l
Arbitrary known transmission matrix ' ' . .
Measurement Po (x; xX,V,Yy ) using Six 2D proﬁles

Reconstruction
pornt point v Measurement point=Reconstruction point
4D distribution of Mapping 4D distribution of v Measurement point#Reconstruction point
reconstruction point measurement point
» The output pr.(x,x’,y,y") is a four-dimensional
compare Projection . . .
differences probability density function (PDF)

» Compare with p*(x,x",y,v") = p1(x, x)p, (v, y")
G 3,y dydy
* o Y)=f p(x,x",y,y") dxdx’
e Maximum entropy reconstruction contains

4D reconstruction
results

: : : more complete information

. z . M=0.2898 , 2 00t M=0.01622 ) 2 0008 . , ,

2 K ’ «»  » Compare the differences between pgr.(x, x',y,y")
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| e ~ P * Dry =3[ [ [ Jlpo— prel dxdx'dydy
Simple reconstruction from Analytical Reconstruction via

two profiles distribution maximum entropy principle e 0L DTV <1
[ty axay [ potex',3. dxay JJ ey axay * Dpy = 0.0176
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Reconstruction incorporating nonlinear mapping : Iterative formula change

» First extension of maximum-entropy tomography to nonlinear reconstruction
* More general maximum-entropy reconstruction
* Applicable when nonlinear elements exist between reconstruction and measurement points

> Iterative formula better suited for nonlinear cases

% (uk'u;c)h(m) (uk:u;c)
h(m) (ue, up) Jf C Hk 1 h(m+1) (u], ]) J (o hgm) (uj,u]f) dv,dvy,

» Key Differences from Linear Case

hl(cm+1) (g, ug) =

[t is no longer necessary to explicitly specify the mapping relationships between the coordinate

systems of each component function

* All fj(x,x,y,y") and their inverses must be input

* More general: any invertible mapping but not just matrixes

(w, uj,vj,v)) = f;Ge, x", 3, 5")




Reconstruction incorporating nonlinear mapping : test by simulation
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» Algorithm feasibility verified
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Experiment: About CAFE-II

» Chinese Accelerator Facility for super heavy Elements (CAFE2)
* Developed by Institute of Modern Physics (IMP), Chinese Academy of Sciences (CAS)
* China’s first continuous-wave superconducting heavy-ion accelerator

* Upgraded from the original CAFe (China ADS Frond-end) facility

* consists of: 10n source front-end system
(FE), radio-frequency quadrupole
accelerator (RFQ), medium energy
beam transport (MEBT),
superconducting cavity linac (SC), high
energy beam transport (HEBT) and a

gas-filled recoil separator-SHANS2
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Experiment: About CAFE-II MEBT section

» CAFE2 MEBT section

* located downstream of the RFQ exit

MACCT1 2.042 euA MACCT2 0.000 euA

* Three adjustable quadrupole
* Focus - Defocus - Focus
 Measurement device

e Slit - Wire




Measurement device: Conventional devices are required to measure coupling information

» Algorithm inputs: » Profiles containing coupling information must be
D g, (uj, u]') ; measured in real space
» ldentify appropriate measurement techniques

* Measured 2D profile

*  More profiles enable higher reconstruction accuracy No additional coupling components are required

: : .  Conventional 2D measurement devices suffices
@ Coordinate transformation matrix: A;

e M j: transmission matrix from the measurement

points to the reconstruction points for the j-th profile

U7 FX T FX T
U x' x' |
° vj = A] y = MM] y
v | ') Y] \
.« A j=MM j \

« M : Mapping matrix from phase space to

measurement coordinates




Measurement device: Parallel-scan and perpendicular-scan

B 2D Profiles Measured in Real Space as Reconstruction Constraints

» Acquisition of 2D profiles using parallel and perpendicular scans

position i position f
» Parallel-scan

» Using mutually parallel slit and wire l' l
* Measuring x or y-directional information

» perpendicular-scan I
* Using mutually perpendicular slit and wire \
* Measuring coupling information

» Front-slit data: suffix i; rear-slit data: suffix f

/S S S S S S S S
T S S S T 7 S S S
/l /S S S S S S S S
/S /S S S S S S S L

» Adjusting the magnet strength once scans four profiles:

CEDACBINCRINCTET
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Measurement device: The coupling information is measurable

B Linear mapping between phase space and real space M Relationships of second-order statistical quantities

SN AN ((xiy7) = (as3 + Lazs) (11 (xy) + a12(x'y))

vil=lo o 1 o y; < +(asy + Lage)(ag1{xy’) + a2(x'y")) ,

Yr 0 0 1 L y;' ()’ixf> = (ay1 + Layy)(azz(xy) + aza(xy’))
| (a1 + Lagy)(ass{xy) + aza{x'y’))

> 4D sp ace(xl-, Xfr Yir Yy ): » Two sets of magnet strengths can determine the covariance

* All coordinate axes mutually orthogonal > a;;: elements of transport matrix

* All coordinates are real-space coordinates:

a;; a;; 0 0 Xre X

 i: at the front slit position Ay, Ay O 0 Xt _ x;'

* f: at the back slit position 0 0 azs as y?;e y 3
0 0 as3 ass/ \Vre Yi

* measured: (Xi, Xf), (yi! yf)’ (.X'i, yf)’ (yi! .X'f)
, . » (Xper Xre' ) Vre» Yre ): 4D transverse phase space
» (x;,xi',y;,v;"): 4D transverse phase space at the front distribution at reconstruction point

slit position
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Experiment: Reconstruct 4D transverse phase space in CAFE-II MEBT section

Beam parameters:
* Particle: Proton
* Energy: 1.33 MeV
* Current: 100/200/300 pA

4 magnet settings | Parallel scan: | Parallel scan: | perpendicular-scan: | perpendicular-scan:
per current step | (slit x, wire x) | (slit y, wire y) (slit y, wire x)
66

. -88 68 v[1] v[2] V3] v[4]

* V: Profiles used in reconstruction
564, 722, 59.3 X X \/[5] \/[6] « x: Unused profiles

* Measurement axis ID: [X]

55, 63, 42 X X v[7] V(8]
38, 63, 55 X X v[9] v[10]

I IVI Rnstitute of Modern Physics, Chinese Academy of Sciences



Nonlinear Mapping Must Be Considered in this Experiment

» If only linear mapping is considered:
* Reconstruction converges using profiles [1][2][3][4]
* Reconstruction fails to converge using profiles [1][2][3][4][5][6]

» Nonlinear mapping originates from leakage fields of quadrupole

0.7 1
0.8
061 0.7
0.5 1 0.6
. . 05
0.4 A ]
£ £
a o4
0.3 1
0.3
0.2 1 0.2 -
0.1 0.1
0 1 2 3 4 5 6 0 1 2 3 4
iterative iterative
Convergence achieved when all profiles use Instability occurs when profiles are generated from

the same magnet parameter set

different magnet parameter iterations




Calculation of nonlinear mapping induced by fringe field: The expansion of nonlinear mapping

» Concerning arbitrary nonlinear mappings

(X,X’,y,y,) = f(xO'xIOryO'yIO)

* n. the dimensionality parameter, which equals 4 in the

context of four-dimensional transverse phase space

[ X iy Q1 Qg3 Q147 [%o 1. The order of expansion
x' _|@21 Qzz Q3 azﬂ Ixé X2
y, (3; a3z 43z q3q }’? Xgxh
VA e faz Gz Gaadlyo XoYo » The coefficient matrix of the r-th order:
biy b1z byz biy bis big byy by big bigo xOJ;O
+ byi baz bas bas bys by by byg byo bpiolf Xo M |
b3y b3y bszz bsy bss bz by bsg bsg bzig||Xo¥o (4,(4+7;—:;1)')
by1 bsz byzs bay bys big by bag bag  baiod|xoyg e
Yo? » The solution methodology:
Yo¥o . .
[ 12 ] * The number of particles tracked satisfies the

+tMy.z0 - Cubiczo + Myszs - Quarticzs + M (a4r—1)1 T(atr—11 T

(3+1)!

GE 713 inequality: Quantity tracked > ¥;_;~—
» The quantity of characteristic terms at the r-th order (3+47)!
* Compute all}.j_, (4 - —-)coefficients

. 3 (n+r—-1)
Crtr—1 = rl(n—1)!
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Calculation of nonlinear mapping induced by field leakage: Tracking lattice distribution

» Simulation using field models in simulation software

» Solving equation systems based on particle entry and exit coordinates
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Alternative approaches: Derive nonlinear map from the field map

» asimple particle coordinate tracking method was used to derive the mapping function
* Subsequently, the mapping function will be recalculated using a field model instead

» Numerous readily available algorithms can derive nonlinear mapping functions from field models

Code Name Algorithm / Basis Primary Application

COSY Differential Algebra High-order beam dynamics & complex nonlinear
INFINITY (DA) optics

Accelerating cavities, magnetic elements + space
charge

IMPACT (T/Z) 3D PIC Code
PTC Polymorphic Tracking Precise tracking within MAD-X, fringe fields
Bmad Object-oriented Library Custom 3D mesh handling for particle maps

RF-Track Time-domain Tracking Beam transport optimization in linacs & cavities
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Experiment: Result presentation(300uA)

» Constraints No.[1] to No.[10]
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» Projection of the reconstructed result onto directions [1] to [10]
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Experiment: Result presentation(200uA)

» Constraints No.[1] to No.[10]
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Experiment: Result presentation(100uA

» Constraints No.[1] to No.[10]
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Thanks!
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