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3Phase Space
Transverse beam dynamics provides the framework for understanding how charged particles move through focusing lattices 
and how beam quality is quantified.

» A particle cannot be fully described by its position alone. 

» Two particles may have the same position and yet move differently because their momenta are different. 

» For this reason, beam dynamics is formulated in phase space.

» The most complete single-particle description is the six-dimensional phase space,

𝑥, 𝑦, 𝑧

𝑝𝑥, 𝑝𝑦, 𝑝𝑧

spatial coordinates
momentum components

» The six-dimensional dynamics may be decomposed into transverse and longitudinal parts:



4Transverse motion

» In a linear focusing lattice, the transverse motion of a particle is governed by the Hill equation;

𝑥(𝑠) is the transverse displacement, 
(𝑠) is the longitudinal coordinate along the reference orbit, 
𝐾(𝑠) is the focusing function determined by the lattice.

» The solution of the Hill equation is conventionally written in the form:

» This expression shows that the particle executes a transverse oscillation while moving along the beamline. The oscillation amplitude is not 
constant. Instead, it depends on the product 𝜀𝛽 𝑠 .

» Canonical phase space uses variables such as → (𝒙, 𝒑𝒙)

» In accelerator physics, it is often more practical to use trace space. →(𝒙, 𝒙′)

» The transverse momentum is small compared with the longitudinal momentum, one may write:



5Single particle motion

» Once both (𝑥) and (𝑥′) are considered, the motion of a single particle can be represented geometrically in trace space. 

» Transverse motion satisfies the invariant quadratic form:

This is called the Courant--Snyder ellipse. 

• 𝛽 controls the width of the ellipse in position,

• 𝛾 controls the extent in angle,

• 𝛼 controls the tilt of the ellipse.

» If 𝛼 = 0, the ellipse is upright, corresponding to a beam waist. If 𝛼 ≠ 0, position and angle are correlated, and the ellipse is tilted. 



6A real beam

» A real beam is not a single particle moving on a single ellipse. It is an ensemble of many particles. 

» In trace space, the beam therefore appears as a distribution of points rather than as a single closed curve. For a real beam, it is 
usually more meaningful to work with second moments.

» From this matrix, the rms emittance is defined by,

» The Twiss parameters of the beam:



7Statistical definition of emittance

» Real beams can be non-Gaussian, distorted, filamented, or halo-dominated. 

» The statistical definition based on second moments remains meaningful and reproducible, even 
when the beam shape is complicated.

» Let 𝑓𝑥 𝑥, 𝑥′ denote the normalized beam distribution in the horizontal trace space (𝑥, 𝑥′).

» The first-order moments define the beam centroid;



8Statistical definition of emittance

» The second moments measure the spread of the beam:

» The second central moments are collected into the beam matrix » Rms emittance;

» The beam matrix may be written in the Twiss form:
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10Facility-I KOMAC Beam Test Stand

Transverse phase space 
characterization methods;

» Allison Scanner – 2D

» Quadrupole Scan – 2D

» Tomography – 2D

» Single Slit – 2D

» 4 slit method – 4D

» Pepper-pot -4D

» Virtual Pepper-pot – 4D



11Facility-II J-PARC Muon Facility

New approach to measure the muon magnetic moment anomaly 𝒂𝝁
= (𝒈 − 𝟐)/𝟐 and the muon electric dipole moment (EDM) 𝒅𝝁 at the 
J-PARC muon facility. 

i. A 3 GeV proton beam hits a graphite target at J-PARC. This 
produces pions, and some of those pions stop near the surface 
and decay into surface muons.

ii. The surface muons are sent into silica aerogel. Inside the aerogel, 
many muons form muonium.

iii. Muon Linac together bring the thermal muon beam up to 300 
MeV/c momentum.

iv. Inject the beam into a compact 3 T storage solenoid.

•The oscillation in positron count versus time gives the anomalous precession frequency 𝜔a which leads to 𝒂𝝁 . 
•The up-down asymmetry of positrons gives sensitivity to the EDM. 



12Facility-II J-PARC Muon Facility –Muon Linac
» Generation of the “ultra-slow muons” (USMs).

» Acceleration of the USMs. 4-stage linac, from the p-like acceleration to the e-like one.
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14Allison type emittance meter
» A very narrow entrance slit selects a thin slice of the beam at one transverse position.

» The particles then pass through a short region with an electrostatic deflection field between plates.

» Only particles with a particular transverse angle are deflected so they can pass through an exit slit.

» A collector measures the transmitted current.

» The entrance slit defines the transverse position (𝑥𝑠 is the scanner position.): 

» Transverse angle:

» Selected angle is proportional to the deflection voltage: where

From: Alvarez, M., Gaynier, J., Prost, L., Scarpine, V. and Shemyakin, A., 2016. Characterisation of the PXIE Allison-type emittance scanner. Nuclear 
Instruments and Methods in Physics Research Section A: Accelerators, Spectrometers, Detectors and Associated Equipment, 815, pp.7-17.

» The collector current at scanner position 𝑥𝑠 and voltage 𝑉𝑑 is proportional 
to the beam phase-space density: 

» Thus the reconstructed phase-space map is:



15Allison type emittance meter - Example
KOMAC BTS LEBT line has two Allison scanner 

(vertical and horizontal)

• Density-based spatial clustering algorithm (DBSCAN) to the 
raw phase-space data to eliminate noise and outliers.

.

Original data Clustered data

Emittance vs. time

(.gif image) (.gif image)



16Single slit – Pepper Pot - VPP

KOMAC BTS



17Slit scan method 
» Measure the 2D transverse phase-space distribution

» Useful for low-energy beams, where space-charge effects are often significant.

» A narrow slit selects particles from a small transverse position interval.

» These selected particles drift freely over a known distance.

» Their positions at a downstream detector are measured.

» The downstream position distribution is converted into an angular distribution.

» Repeating this for many slit positions reconstructs the full transverse phase space.

» The transport matrix of a drift of length (𝐿) is;

» If the 𝑥𝑠, 𝐿 is known, and the downstream detector position (𝑥𝐷) is measured, then the initial 
divergence (𝑥𝑠′)of the particles passing through the slit can be determined.



18Slit scan method - Example

(.gif image)
(.gif image)



19Emittance analysis 
» Rigid  formula  for slits  and pepper-pot  emittance  measurement  is derived by M. Zhang.(Emittance formula for slits and pepper-pot measurement. No. FNAL-TM--1988. 1996.)



204D beam matrix



21Slit scan method - Example



22Pepper-pot method
» The pepper-pot method is an interceptive diagnostic used to measure the transverse emittance of 

a charged particle beam in both transverse planes simultaneously.

» Each hole transmits a small fraction of the beam, producing an array of beamlets.

» The hole positions provide the transverse coordinates, while the displacement of the beamlets on 
the screen gives the corresponding angular information.

» For a drift length (𝐿), the beam angles are estimated from the beamlet displacement as

» Single-shot measurement in both transverse planes without mechanical 
scanning.

» It can also provide information on transverse coupling when a full two-
dimensional analysis is performed.

» Its main disadvantages are limited resolution compared with slit-based methods, 
possible overlap of neighboring beamlets on the screen, reduced signal when 
very small holes are used, and distortion from scattering or diffraction effects.



23Pepper-pot method - Example

(Identified slit holes) (corresponding beamlets on screen)

Step - 1 Step - 4

Step - 5

Step - 6



24Pepper-pot method - Example



25Virtual Pepper-pot (VPP)

» The Virtual Pepper-Pot (VPP) works by replacing a physical 
pepper-pot mask with a numerically reconstructed pepper-pot 
pattern built from separate horizontal and vertical slit scans.

» VPP measures the beam with orthogonal slit scans, combines the 
two datasets into a virtual array of beamlets, and uses their positions 
and intensities to reconstruct the full 4D transverse phase space 
without a physical pepper-pot plate.

» By combining the two scan datasets, the crossings of horizontal and 
vertical beamlets define a matrix of virtual holes.

» The main function: Minimum-bit principle.

» The full 4D transverse phase space is synthesized from the 
complete set of VPP beamlets.



26Virtual Pepper-pot (VPP)

» Slit plane: coordinates 𝐱𝐢, 𝐲𝐢 . Screen plane: coordinates 𝐱𝐟, 𝐲𝐟 .

» A screen pixel is denoted by:

» Each slit intersection 𝐱𝐧, 𝐲𝐦 produces a distinct beamlet spot on the screen. We denote a representative pixel of this beamlet by 𝐮𝐧,𝐦.

» A horizontal slit positioned at 𝐱 = 𝐱𝐧 produces 2D screen image:

» A vertical slit positioned at 𝐲 = 𝐲𝐦 produces 2D screen image:

» The VPP method constructs a virtual intersection image  for each slit intersection 𝐱𝐧, 𝐲𝐦 by applying a pixel-wise minimum operation:

» The intensity of the virtual beamlet is obtained by integrating over a small region 𝐑𝐧,𝐦 :



27Virtual Pepper-pot (VPP) - Example
Step – 1 

Step – 2 
(.gif image)



28Benchmarking
» The comparison involves the phase space distribution for QM3 = 15 A for Pepper-pot and VPP.

» Despite these small variations, the overall distributions remain consistent, confirming the validity of both methods.

Pepper-pot VPP



29Benchmarking

Horizontal phase space Vertical phase space 

Single 
slit

PP

VPP

» Higher quadrupoles currents leads to anti clockwise rotation

» Horizontal defocusing effect

» Higher quadrupoles currents leads to clock-wise rotation

» Vertical focusing effect

» Varying quadrupole magnet strengths: 12A, 15A, 20A, 25A.



30Benchmarking
» While both methods capture similar trends across the quadrupole scan, slight discrepancies are present in certain regions.

» As expected, the coupling factor remains close to zero within the central range of the quadrupole scan (QM-III: 5–35 A), where the beam 
conditions are near-ideal and the transverse profiles are approximately round. 

» However, at the extremes of the scan (QM-III: −15 A and 50 A), the coupling factor increases significantly, indicating stronger inter-plane 
coupling.

» PP data are either missing in some overlap regions. 

» In contrast, the VPP method does not suffer from this limitation, as it reconstructs the phase space distribution.



31Quadrupole Scan method

From: Forck, Peter. "Lecture notes on beam instrumentation and diagnostics." Joint Universities 
Accelerator School (JUAS 2010) (2011).

» The quadrupole scan method is a standard beam diagnostic 
technique used to determine the transverse beam properties at a 
chosen reconstruction point in a beamline. 

» Its main purpose is to reconstruct the second-order beam 
moment.



32Quadrupole Scan - Example
Muon Linac RFQ will be commissioned soon

» We will conduct Quadrupole scan method at the RFQ exit reconstruction point.

» Beamline includes 2 quadrupole magnet, 1 dipole magnet, MCP based screen.

» The data will be collected in the screen by varying the QM-1 strength.

RFQ

QM
-1

QM
-2

Dipole- I

Screen

MCP + Screen

Camera



33Quadrupole Scan - Example
The beamline:

The scan equation is:

The total first-order transport matrix from the beamline entrance to the screen:

If the initial beam matrix is 𝚺0 then the beam matrix at the screen is:

The rms beam size at the screen:

Beam size squared at the screen is approximately a quadratic function of the quadrupole strength:



34Quadrupole Scan - Example

Quadrupole Scan method is adapted to Cheetah code

This segment configuration allows:

» Slicing technique of elements,

» Importing 1D field map of elements,

» Applying of SC kick modules.



35Quadrupole Scan - Example

Dispersion 

effects?



36Quadrupole Scan - Example
The horizontal coordinate at the screen can be written as:

Total horizontal dispersion at the screen:

Dispersion-corrected horizontal beam size:

Results:
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38Gradient based optimization

» Instead of adjusting magnets by trial and error, you define a goal for the beam, such as a target spot size, position, or shape, and let an 
optimization algorithm change the magnet strengths to reduce the error.

» A gradient tells how sensitive the objective is to each tuning parameter. So instead of guessing how to change magnets, computing how each 
magnet affects the final beam quality and use that information to move in a better direction.

» Main objective: Tune the quadrupole parameters and match the muon beam to the IH-DTL.  

» We need to use a differentiable simulation tool for gradieant based optimization .  

» Cheetah, a PyTorch-based highspeed differentiable linear beam dynamics code.

» Beamline can be modeled in PyTorch, and gradients with respect to quadrupole 
strengths can be obtained automatically.

•start with a muon beam coming from the RFQ, 

•pass it through several beamline elements, 

•adjust the quadrupole magnets automatically, 

•make the beam match the requirements of the IH-DTL at the end. 



39Gradient based optimization
Manual-tuning benchmark
» The quadrupole settings are varied in simulation and the resulting beam transport is evaluated.

» Objective: Match the beam to the IH-DTL

RFQ exit phase space

IH-DTL entrance phase space 

Beam trajectory along the beamline

𝛼𝑥 = 0.701
𝛽𝑥 = 0.320

𝛼𝑦 = 0.966

𝛽𝑦 = 0.378

𝛼𝑥 = 1.005
𝛽𝑥 = 0.306

𝛼𝑦 = 0.903

𝛽𝑦 = 0.182

Target Twiss parameters Best observed results

» Gradient based optimization can tune beam to IH-DTL easily?



40Gradient based optimization

» The Twiss parameters at the end of the lattice become a deterministic function of the quadrupole settings:

» The optics matching objective is to select (𝐤) such that these outgoing parameters reproduce the desired targets 𝛃𝐱∗ , 𝛂𝐱
∗ , 𝛃𝐲

∗ , 𝛂𝐲
∗ at the 

diagnostic position.

» We define the observed (predicted) outgoing beam-parameter vector as;

» The optimization objective is defined through a mean-square-error loss function:

» The full optics matching becomes a continuous nonlinear optimisation:



41Gradient based optimization

1

2
3

4

» A key advantage of this framework is that the beamline simulation is 
implemented using 𝐭𝐨𝐫𝐜𝐡. 𝐓𝐞𝐧𝐬𝐨𝐫 operations. Therefore, the output Twiss 
parameters and the loss function remain differentiable with respect to 
quadrupole strengths. PyTorch computes gradients via reverse-mode automatic 
differentiation (backpropagation):

» The optimisation loop therefore follows the standard machine-learning ``training'' 
structure:

1. Track the beam through the lattice for the current magnet settings: 

𝐲 𝐤𝐭 .

2. Compute the mismatch loss .

3. Backpropagate to compute (∇𝐤ℒ).

4. Update the quadrupole strengths using Adam.

5. Repeat until convergence.



42Gradient based optimization

Training process:

IH-DTL matching results:

~ 15 seconds at a GPU machine



43Generative Phase Space Reconstruction
» Generative Phase Space Reconstruction (GPSR) combines neural network with differentiable particle tracking/beam dynamics to infer high-

dimensional (4D/6D) phase-space beam distributions. 

» The method reconstructs detailed initial beam distributions using only standard diagnostics (e.g., a quadrupole scan and a downstream screen), 
without requiring specialized measurement devices.

Overview of the GPSR workflow

for reconstructing particle-beam

phase-space distributions (taken

from Roussel et al., PRL 130,

145001 (2023)).

» generate a candidate initial beam,

» propagate it through the differentiable accelerator model,

» render the predicted diagnostic image,

» compare prediction to measurement,

» backpropagate the discrepancy through the diagnostic, 
transport, and generator,

» update the generator parameters,

» repeat until the predicted measurements match the real data. 



44Generative Phase Space Reconstruction

1. Generate train and test dataset on screen.

» We use same beamline in the example of quadrupole scan of 
Muon Linac

» RFQ exit is again reconstruction point

» The training set becomes

» ෫𝐼𝑛
meas is the measured 2D image on the screen for setting 𝑠𝑛 .

» 𝑠𝑛 may include quantities such as quadrupole strength, TDC voltage, 
dipole state, or other beamline controls.



45Generative Phase Space Reconstruction

2. Initialize the generative beam model

» A latent random vector is drawn from a simple prior distribution,

» A neural generator maps latent samples into phase-space particles:

𝜽 is trainable parameters of the generator.

» Forward propagate the beam through the lattice.

» For each machine setting 𝑠𝑛 , the initial particles are transported through the 
accelerator beamline:

𝐹𝑠𝑛 is the differentiable transport 
map corresponding to setting 𝑠𝑛 .

» At the screen, the coordinates are obtained by projection: 

» The predicted image is generated by kernel density estimation: 

» A Gaussian kernel is commonly used: 

Latent projection



46Generative Phase Space Reconstruction

3. Compute the data-matching loss
» The total loss:

» Mean absolute error:

4. Backpropagate gradients

» Because the forward model is differentiable, the loss gradient with 
respect to the generator parameters can be written;

» The parameters are updated using gradient-based optimization:

𝜂𝑘 ∶ the learning rate.

» The forward and backward steps are repeated until the loss converges.



47Generative Phase Space Reconstruction

3. Evaluate the results



48GPSR & Quadrupole Scan

Ground truth

GPSR prediction Quad scan reconstruction



49Conclusion

Transverse phase-space reconstruction methods have been developed.
» The single-slit, pepper-pot, and virtual pepper-pot reconstruction methods were developed at KOMAC BTS.

» An Allison-type emittance scanner was also investigated at KOMAC BTS.

» The quadrupole scan method is planned for phase-space reconstruction during the commissioning of the Muon Linac.

We also present beamline optimization and phase-space prediction methods.
» We show that gradient-based beamline optimization can be applied to beam matching in the Muon Linac IH-DTL.

» The GPSR method can be used to reconstruct the initial phase space during the commissioning of the Muon Linac 
MEBT section.
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THANKS!
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