1.

Homework #3

2025 Accelerator Summer School

Due Aug. 8 (Fri.), 9:30 AM, 2025

(a) Show that the eigenvalues Ay of the matrix 3 - S where

(22 (aps) > ( 0 1 )
Y= , S = 1
( (zpz)  (P2) -10 o
are \p = tie,, where €, is the beam emittance.
(b) Consider a 2 x 2 transfer matrix R given by

R=1Tcospu,+ S A, sinp, (2)

where [ is the 2 x 2 identity matrix, u, is a real number, and the matrix A, is
constructed from the Twiss parameters
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Show that, if the second-order moments of the beam distribution satisfy equations

<.’1}'2> == /81‘6137
<wp:c> =  —OQg€y,
<p§> = Yz€az,

then the beam distribution (i.e. beam envelope matrix or beam sigma matrix) is
“matched” to the transfer matrix, i.e. the beam distribution matrix is invariant

under (he lransformation
pl‘ pl‘

[Hint: You only need to show that the transformation of the beam sigma matrix
satisfies R- ¥ - RT = %]

(a) Asin Eq. (34) of Lecture 1 slide, Linear Dynamics|, the (scaled) energy deviation p;
for a particle of rest mass m is defined by (in MAD notation)
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where + is the relativistic factor for the particle, pg is the reference momentum, and
Boc is the velocity of a particle. Show that

ﬁ7=6owo\/1+25pt+p? (6)
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where [c is the velocity of a particle with energy deviation p;, and g is the rela-
tivistic factor for a particle with rest mass m and momentum equal to the reference
momentum.



(b) Consider a particle moving in a horizontal plane in a uniform vertical magnetic field.
The region of the field is large enough for the trajectory of the particle to describe a
complete circle. Using the result from Problem 2(a), show that the circumference C
of the trajectory as a function of the (scaled) energy deviation p; is given by
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AC =C —Cy (8)

where

and (Y is the circumference of the trajectory when p, = 0.

3. Show that the electric field and magnetic field of an ultra-relativistic charged particle with
charge ¢ is given by (in CGS unit)

By(s,t) = %5(3 —et), (9)

By(s,1) = %5(5 —et). (10)

Hint) Use Maxwell eqs. V- E =47p,V X B = % (4mj + %—?).
4. The longitudinal impedance Z!l of an RLC resonator circuit is given by
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Show that the wake function is

7l —

, (1)
)

where

W'(2) = 2aR,e™/° (cos Y2 3 sin %> , 2<0, (13)
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where
a:;—g, @:\/w%—oﬂ. (14)

2 — w% —wwp/iQ = 0 in integral of below equation :

Hint) Use solutions w

W/(Z)— 1 fOO dweiwz/cZ”(W)O(ffooodweiwz/c (LfL)
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5. Show that longitudinal and transverse impedances have the following properties:

Zi(w) = Z)(w) (15)
7 (w) = ~Zu(~w) (16)



