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In Lecture 1 we have derived the scaled Hamiltonian in curved coordinates in canonicaky.. )
variables ( ) (y, ) and (—cAt, p;), which is given by

2 2 2
Dt 1 Ty — qAy Ty — q4, 1 qAs
=B (L) - (Bt (ot x
Bo \/ Bo Pe Po Po ,337/02 Po
where (1)
(2)

A;=A-e;, and h(s) = p(s)
Canonical (transverse) momenta are
= Ypxmc + qAx = Py + qAx
= yBymc + qA,, = p, + qA4, 3)
Longitudinal conjugate variables are
zZ = —cAt = —c(t — to(s)) = % — ct,
E-E p._E 1 1E-E, 1(1_1>=Ay "

p = = — =
‘ PoC c  poc Po ,30 Eo ,30 Yo BoYo
2
2p¢ 1 1
(14+6)2=14+—+pf —< +p>—
0 ‘ Bo 'F Bvs (5)
s_P"Po_AP D P
Po Po B Bo (6)
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Using the Hamiltonian given in Eq. (1) we can derive 6 X 6 linear maps for various beank&:

optical elements.
To get a linear transfer map, we first need to find the vector potential A4, expand the

TS

D

corresponding Hamiltonian to second order in dynamical variables and apply the Hamilton’s
equations. Then we can obtain linear second order differential equations, which can be
solved and linear map can be obtained. In the following, we shall derive linear maps for
various beam optical elements in synchrotrons.

Drift space

: e . : . 1
As a simplest case, let’s first consider a drift (or free) space of length L. In this case h = e

0 and A = 0 so the Hamiltonian in Eq. (1) becomes

p 1 e () 1
NIRRT
Bo <,30 Pe Po Po ,33702 7

This Hamiltonian can be expanded to second order in dynamical variables and we get

2 2 2
Px py pt
H=~=-1+ + + )
203 " 203 2BEV3 )
The constant term can be neglected. Substituting this Hamiltonian into the Hamilton’s
eguations, one can get the linear map, but here we show a different method.
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The Hamilton’s equations can be written in the form

dX
E = SVq’n-H (9)
where
X
/ Ty 0 1 0 0 0 0 / OH [0x
- 10 0 0 0 0 oH /a ‘L(%c/ Po)
I 10 O O 1 0 O V.oH = y
X=|m 5=l 0o 0 =10 0 0 am 0H/d(my/po) | 1O
Po o 0 0 O 0 1 0H/0z /
\ z 0 0 0 0 —-1 0 dH /dp,
Pt
Note that S? = —] and ST = —S. ST: transpose of S
So the Hamilton’s equations (9) can be expressed in matrix form:
dx/ds \ 0 1 0 0 0 0 / 0H /0x
d(1y/po)/ds -1 0 0 0 0 O0)\[9H/9(m/Po)
dy/ds |0 0o o 1 0 o0 OH [0y (11)
d(my,/po)/ds O 0 -1 0 0 O d0H /9d(my, /o)
dz/ds / 0 0 0 0 0 1 OH [0z )
dp,/ds O 0 0 O -1 0O oH /0p,

Dane & Department of Physics, POSTECH 4 moohyun@postech.ac.kr




Accelerator Summer School, 2025

If the Hamiltonian is a homogeneous polynomial of degree 2 [as in Eq. (8)], we can writ€«:.%

VorH = UX U:a 6 X 6 matrix (12)
Then the Hamilton’s equations, Eq. (9) become

dX X(L) L
_sux @z so j ax _ ] SUds
ds 0

x X
The integrations lead to

X(L) =eMUX(0) =M(L)X, where X, = X(0) (14)
and 00 [
— ,LSU _ _ n
M(L) = elSU = ; —(SU) (15)

is the 6 X 6 linear map that we want.

Let’s apply this observation to the drift space. With the expanded Hamiltonian given in
Eqg. (8), Eg. (12) becomes with Eg. (10)

0 X
/ Pxépo \ /px)/,po Note: For a drift space,
Yot =1 py oo | T Y=Y 0y /00 x— Pa
\ O / \ 7 Tl,'y - py

e/ BGYS Pt
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We find easily the matrix U by inspection

000 00 0
010 0 0 0\
y—|0 0000 0
—[o 0o 0o 1 o 0
000 0O 0
2.,2
Then Eqg. (15) becomes 00 0 0 0 1/(B5vyo)
0 1 0 0 0 O, ,/0 0 0 0 O 0 1
—100000/01000 o\
_ _LSU _ O 0 O 1 0 offo o o 0 o 0
ML) =e="=explLl o 6 1 o o0 oflo oo 10 0
000001\00000 0
0 0 0 0 —1 0/ \0 0 0 0 0 1/(B&vd)/

Finally we get the linear map for drift space of length L:

1 L 0 0 O 0
/O 1 0 0 O 0 \
O 01 L O 0
ML) =I+LSU=M4=(0 0 0 1 O 2 (16)
\O 0O 0 0 1 ,83)/02/
where [ is the unit matrix. 0O 0 0 0 O 1
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Note that Eq. (16) satisfies the symplectic condition MTSM =S (17)
Note also that Eq. (17) is identical to MSMT = S. By taking the determinant of Eq. (17),
det(MTSM) = det(S), we find that det(M) = +1. Although not trivial to prove, it turns out
that only det(M) = +1 is valid. Read Appendix B for the derivation of Eq. (17).

Notice that if we apply the Hamilton’s equation directly to the Hamiltonian before
expansion in Eq. (6) we get the exact nonlinear map for the drift space:

xlzxo_l_PxO/PoL
d

Px1 = Pxo

Pyo/Po
Y1 =Yoot yd L (18)
Py1 = Pyo
) 1N\ L
21:ZO+E 1_5 — 7 Peo
Pt1 = Pro

where 2 2 2
1 Px Dy 1
d= [\Z-+pe| =\~ ) —\~) — 72z
0 Po Po BoYs
If we expand d™1, substitute the result into Eq. (18) and keep the terms up to the first
order in dynamical variables, we get the same linear map as Eq. (16).
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Multipole expansion of two-dimensional fields

To obtain the Hamiltonian for an accelerator element, we have to know the vector potential.
Assuming a magnet with infinite length, we can consider only two-dimensional transverse
fields.

We are interested in the fields in source-free region (i.e. inside the vacuum chamber where
particles move), then in that region magnetic fields must satisfy

V-B=0 and VXB=0 (19)

With B, constant (or zero), we can find By and By, and write them in complex notation:

B(z) = B, +iB, = Cho(x+iy)"= ) (B, +i4,) (x+iy)" (20)

where C,, is a complex constant, C,, = B,, + i4,,, with B,,, A,,being real. By applying the

differential operator 9 n ii to Eq. (20) we can show that Eq. (20) indeed satisfies

Eq. (19). dx 0y
Then we obtain the complex potential expanded in multipoles (in US convention):

. 1 .
A(z) = A, + iV = — Z)n—_l_l(,‘n(x + iy)ntt (21)
n=
where V is the electric scalar potential. The complex potential and the complex fields are

connected through dA '
B(z) = 3, 22) (z=x+1iy)
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From Eq. (21), we get the vector potential

N . AT+ NI : A+
Ag; = —Re Zon—_l_lcn(x + iy) = —Re Zon—_l_l(Bn + lAn)(X + iy) (23)
n= n=

We can rewrite Eg. (23) in the form

oo

1

A =——ReZ—b +ia,)(x + iy)*t! 24

s p 7 (O Fian)(x + iy) (24)
n=0

where b,, and a,, are normal and skew components of the multipole field respectively. They

are related with the usual notation for multipole strength in a computer code like MAD:

o"B 1 n
by = lq Bn = lq P ny =—kn knzia iy
n:Ppo n:po 0x (0,0,5) n. Po d0x (0,0,5)
25
__4 __4 aan — 1~ T q aan )
= An_n' ox™ __n_'k" k”:__a n
*Po *Po (0,0,5) . Po 0X (0,0,5)
n =0 :dipole
dB
n =1 :quadrupole ko = & ki = 4 %%
Po l(o,0,9) Po 0x (0,0,5)

n = 2 :sextupole

n = 3 :octupole etc.

Dane & Department of Physics, POSTECH 9 moohyun@postech.ac.kr
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Sector bending (or dipole) magnet

For a dipole magnet, uniform magnetic field is given by B(x,y,s) = (0, By, 0). In
curvilinear coordinate system, B is related to the vector potential A:

hie; hye, hzes
B=VXA= 1 I J J (26)
B ~ hihyhs | 0wy, Ou, Ous

hlAl h2A2 h3A3
where hy = hy=1, hy= 1+ hx, (Uy, U, u3) = (x,¥,5), (A1, Az, A3) = (Ay, Ay, As)

Field components are then given by

1 0A dA hA dA dA
0A; B 1 0d4, B, = x Ods s B, = y Odx (27)
dy 1+ hx ds’ 1+hx 0s 0x 1+ hx dx  0dy
For dipole field, using a gauge, A, = A, = 0, the field B = Be,, can be derived from the
vector potential

B, =

A= (0,0,—Byx + 0% 28
_ ( Y, Ox 2(1 + hx)) ( )
d th jzed vector potential is @ = L4 = (0,0, —kgx + — 2% (29)
and the normaqlze vector potential is a = i (0,0, —koyx 20+ hx))
where ko = —B, (30)

Po
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Inserting Eq. (29) into the Hamiltonian given in Eq. (1), we have N
2 2 2 )
Pt 1 Px Py 1 kohx
H=2 (1t ho) ( +p) _<_) _<_) § _<1+hx)[_kx+
Bo \/ Bo ‘ Po Po BEVE 0 2(1 + hx)
(31)

We can find an exact transformation from this Hamiltonian, but the result is not
illuminating and it is sufficient to get the approximate linearized transformation. Hence, we
expand Eq. (31) to second order in dynamical variables and get

2 2
1 px> 1<py> pf [ ( pt>] koh
H==|=| +=(—=] + ko —h +—x2(32
2<p0 2 \Dpo 2,807/0 0 ,80

For a combined-function magnet (i.e. bending magnet with normal
quadrupole component in it) we have to include the focusing term. From - .
Egs. (24) and (25) we add the quadrupole focusing term to Eq. (32) to get ALS 1.8 T dipole

1 21 2 2 koh kq
H=—<p—x> +—<p—y> + Pt [ko—h< pt)] +Lx +—(x —y%)  (33)

2 \Ppo 2 \Ppo 2,30 Vo Bo
0B
where k; = 4%% is the normalized field gradient usually called the focusing strength.
po 0x (0,0,)

With Eqg. (33) we get the Hamilton’s equations:
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dx ~ O0H  py
ds  0(px/Po) Do’

d oH
(Dx/Po) _ _ _ [kO —h (1 4+ &)] — kohx — kyx

ds ox Bo
(34)
dy __OH __py d@y/p) __OH
ds  9(py/Po) Do’ ds 9y 1)
d 0H h
z — — Izjt 2 X, % — a_H =0
ds dp:  PBive Bo ds 0z

The four first-order transverse equations can be combined to two second-order differential
equations:

h
x”+Kxx:ﬁ+(h—ko) x’=%=p—x yr=ﬂ=p_y
0 ds  po ds  Ppo
y' —kiy=0 (35)
q JdB
ko — _BO kl = i—y
where K,, = hky + k. Do po 0x (0.0.5)

With the general initial conditions, i.e.ats = 0,x = x5, ¥y = yo, X' = Xy, ¥' = yo, and
Z = Zy, Py = Pro, the solutions can be obtained easily. For example, the horizontal
equation can be solved using the variation of parameters (or Green’s function) method.

Dane & Department of Physics, POSTECH 12 moohyun@postech.ac.kr




Accelerator Summer School, 2025

The solutions are given by

, Sin,/ K, L h 1— cos/K,L 1 — cos/K,L
x(L) = xgcos\/ K, L + xg \/Fx + Dio A K. =+ (h— k) v =
X X

x'(L) = —xo\/Fxsin\/?L + x(’,cos\/?L + D40 h Sni/\/_—L — ko) ———
smh\/_L

vk x" = px/Do
y'(L) = yoy/kqsinhy/k; L + ygcoshy/k; L y' = Dpy/Po

where L is the effective (or magnetic) length of the dipole magnet, which is the path
length of the reference particle inside the magnet.

With x(s) in the above the longitudinal equation in Eq. (34) can be integrated to yield

y(L) = yocosh\/_L + v

h sin/K,L h 1— cosyK,L L h? 1
Z2(L) = —— x Xy + 2o + ——Pro — ——| L — in,/K,
Y N SR N R ﬁé&( = )p“’
hh ko (L L singK L> (37)
—— — ——sin
K X
Pt = Pto Po K e

These solutions can be written in the form of a matrix equation:

X = MbendXO +m (38)

Dane & Department of Physics, POSTECH 13 moohyun@postech.ac.kr
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where %@g
0 0 0 —

/ KL
COS\/—x \/Fx ,8() Kx

h sin\/K, L
—/ Kysin\/K, L cos/ K, L 0 0 0 z

Bo K

sin,/K, L h 1 — cos/K,L \

sinh\/k—lL
Moy = 0 0 coshy/k; L Tk 0 0 (39)
0 0 \/k_lsinh\/k_lL cosh\/k—lL 0 0
1
L— sin/K, L
h sin/K, L h 1 — cos/K,L 0 0 " L h? VK g
\ Bo VK Bo Ky Bgyoz ﬁg Ky )
0 0 0 0 0 1

and the vector m which is the zeroth-order solution and X, are given by

[ il
(h~ ko) T ()
\/Fx 0
m = 0 (40) X, =|”° (41)
0 Yo
hh— k0< 1 L> \Zo /
E e | Peo
0

Dane & Department of Physics, POSTECH 14 moohyun@postech.ac.kr




Accelerator Summer School, 2025

Usually, the reference orbit curvature h is adjusted to the reference momentum p,,
demanding horizontal kick to vanish [in Eq. (36)] under the condition x = 0,p,, = 0, and™
pr =0, i.e. 1 gBy

O
ae

P Po
Then the Hamiltonian for linear motion in bending magnet, matched to the reference

momentum py is

2 2

1 px> 1 (m) p{  hp,  h? kq

H=-|—=] +=(=) + ——x+—=x*+=(x*—y?) 43
2 (Po 2\po) T 263F Bo 2 2 )

In this case the zeroth-order matrix m is zero and

1 B’ B 1—n

0 (42)

_ ) _
K, =hky+ky=nh +k1—p2+Bop— p2 (44)
where we have introduced the field index
p 0B, 5
= - = — k
n B, ox P K1 (45)

which is a dimensionless quantity. A dipole magnet with positive(negative) field index leads
to the vertical focusing(defocusing).

In Eq. (44), Bp = g is a quantity called the (magnetic) rigidity, which is a measure of the

resistance of a particle to deflection by magnetic fields. In practical units, with the particle
energy E in GeV unit, the rigidity is given by

Bp|[T - m] = 3.3356 E[GeV] (46)

Dane & Department of Physics, POSTECH 15 moohyun@postech.ac.kr
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Dipole fringe fields and edge focusing
There can be a significant (and complicated) effect when a particle enters or leaves the

region near the magnet boundary (edge). This region is called the fringe (field) region and
should be taken into account properly. Let the vertical field at the main body be By, = B,.

Assume the vertical field B, to vary linearly in the fringe region 0 < s < df. Then the field
in this region is given by

S y
By, =0, By= d_BOr Bs= d_BO (47)
f f
where we neglect B, assuming an infinite magnet width and B is required to satisfy
aBS 0By 0By

Maxwell’s equation, (1 + hx ) N3y = o assuming hx «< 1.

Let’s now assume the entrance (or exit) face of a dipole is at s = s, and the pole face is
rotated clockwise by 14 in the bending plane about the y axis (see Figure in the next page).
This has three effects to take into account: 1) The fringe field extends over a distance L of
the reference orbit (L > dy) d;

L =

cos Y4 (48)

2) The field itself is rotated with the face of the magnet, so in the fringe fringe field region
0<s<I,

BX — 4 BOSIH lpl = _XBotan lpl, BS 4 B()COS lpl == :ZBO (49)

T df L d;

Dane & Department of Physics, POSTECH 16 moohyun@postech.ac.kr
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A=

-
-
L
-

/?

-r\é\

df Bs
A fringe region ¥ B

Note that if ; — 0, Eq. (49) becomes Eq. (47) as it should be.

3) Particles with different x coordinates enter the main field of the magnet at different s
positions. A particle with coordinate x travelling parallel to the reference orbit passes the
entrance face at s = sy + x tan Y. This particle therefore sees a defit integrated vertical
field Byx tan 14, so that in the region 0 < s < L leading up to the entrance of the dipole,

the vertical field component is given by

S X
By,= ZBO - ZBotan Y1 (50)

Eqgs. (49) and (50) satisfy the Maxwell’s equations, V- B =0and V X B = 0.

Dane & Department of Physics, POSTECH 17 moohyun@postech.ac.kr
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With the field component given by Egs. (49) and (50) and the gauge A, = 0 we can
obtain the vector potential from B =V X A

By By 2 By )
— — - 51
A= (O, XY, o1 (x* —y“)tan Y, XS (51)

Let’s revisit the Hamiltonian given by Eq. (1):

2 2 2
H=&—(1+hx) <l+p) —<E—a) —<ﬂ—a> _ ] — (1 + hx)a
Bo o Po ¥ Po g BsYs ’

Inserting the normalized vector potential

q q By q By q By
a=—A=(0, ——xy, ——(x?—y3)tany ———xs>
Po ( po L Do 2L ! Po L (52)

and expanding the result to second order in canonical variables, neglecting the constant
term we have

2 2

1 7Tx> 1 <ﬂy q By > qB, q By pi
H=-|—| +s(—=————xy ] — (1 +hx) (x? —y?)tanp; — ——uxs| +

2 (Po p Lo 28575

2 2
1/m 1/m B B :
zz(p_x) +_<_;V> _M(xz_yZ)tan¢1+pi—°xs+—p§ 2 (53)
0

Dane & Department of Physics, POSTECH 18 moohyun@postech.ac.kr
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AP
Introducing the parameter q By %@g
kf = p—Ttan (N (54)
0
the Hamiltonian can be written as
2 2
1 7Tx> 1 <7Ty> kf pg
H~=-2Z] += — = (x% —y2) + ks cotyp; xs + (55)
2 <Po 2\po) 2 PR T 2Ry
With this Hamiltonian we obtain the Hamilton’s equations
dx 0H T, d(my/po) 0H
ds ~ 3(ra/p0) o’ ds TR AR A
dy 0H Ty d(my, /o) 0H
ds 0(my/po) Po ds dy
ds  dp:  Bv§ ds 0z

The last two longitudinal equations can be easily integrated to yield

L
z(L) = z(0) + -5 572 p:(0) 57)
pe(L) = p(0)

Dane & Department of Physics, POSTECH
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The four transverse equations can be combined to two second-order differential equations?

— kfx = —kgcoty; s

., (58)

The solutions to the vertical equation are

L
y(L) = 0cos\/kiL + yo——— sm\/_
\/— (59)

y'(L) = —yo\/751n\/7L+y0cos\/7

The horizontal equation can be solved by variation of parameters method. The solutions

are
sinh,/k¢L sinh,/k¢L
x(L) = xocosh\/;L + x} \/\L_ ( \/\L_ )cote € =1

(60)
x'(L) = xo\/751nh\/7L +x0cosh\/7L+ (1 —cosh\/l? )cote

where we have changed the notation of the edge angle from 1), to ¢ following the
convention adopted by many textbooks.

Egs. (57), (59) and (60) are the linear transfer map for a fringe region of length L for a
particle entering (or leaving) the magnet pole face at an angle «.

Dane & Department of Physics, POSTECH 20 moohyun@postech.ac.kr
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The fringe field extent L depends on the magnet structure. To avoid such ambiguity, i
is customary to take thin-lens approximation, i.e. L — 0.
For L — 0, these become

x(L) = x, .
ane
x'(L) = xoksL + xo = xgkstane + xg = xo—— + x; [+ Eq. (54)]
_ P
y(L) =y, (61)
/ !/ !/ tang !/
y'(L) = =yoksL + yo = —yokstane + yy = =¥y > + Yo Thin lens
z(L) = z, !
y=MW /
pe(L) =p o —tand = v Tt
t to y' =y —tan¢ =y; 5V
Thus, we have the matrix element for edge focusing
/ 1 0 0 000 J1 0,0 00 0
t \ [ 1 ‘; \
rane 1 0 0 0 0 l\ — 1,0 0 0 O
p o e
| 0 0 1 o o0l J|O0 12 0,0 O (62)
Meage = tane = C 1 ‘.
O 0 ——— 1 0 0 0 0 +~— 1.0 O
p N
\0 o 0 0 1 0/ 00 0 0 1 0/
0 0 0 0 0 1 0O O 0 0 0 1

Note that there is a vertical focusing and horizontal defocusing when the edge angle ¢ is
positive and vertical defocusing and horizontal focusing when the edge angle is negative.

Dane & Department of Physics, POSTECH 21 moohyun@postech.ac.kr
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For an arbitrary wedge magnet with entrance angle g; and exit angle &5, the linear ma R ereos
is given by

>

TONHRY

Mwedge = Mez MbendM81

Mwedge =
siny/ K, L h 1—cosy/K,L
cosy/K, L — 0 0 0 —
Ky Bo Ky
h sin/K,L
tarllez 0 0 0 00 —/ K, sin\/ K, L cos,/ Ky L 0 0 0 ,B_—x
. 1 0 0 0 0 o Ky
sinh./ k4L
0 0 t;ng 0 0 0 0 0 coshy/T; L _\/_1 0
0 0 ——2 1100 Vi
0 0 OP 0 10 0 0 Jkisinh/k L coshy/k L 0 0
1
0 0 0 0 0 1 L- siny/K,L
h sinyK,L h 1 — cos\/K,L . . . L 2o /K, *
Bo v Kx Bo K, ,351/02 ,33 Ky
0 0 0 0 0 1
1 0 0 0 00
@ang 0 0 0 0
p where K,, = hky + k; =
0 0 1 0 00 1 B 1-m
X tang; h2 + k = — + —
0 0 — 100 1 2 T} 2
P p 0P P
0 0 0 010
0 0 0 0 0 1 (63)

The combined matrix after the matrix multiplications is complicated in form and can be
obtained with the help of MATHEMATICA.
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)
In the case of a uniform rectangular magnet of bending angle 8(= L/p), the entrance N

and exit angles are the same given by, ;= &, = € = 0/2. The linear transfer map is

1—coséb
/ 1 psin 6 0 0 0 alt )\
B
2tan%
0 1 0 0 0
B
0 0 cos 6 sinf O 0
Mrect = sin 6 o (64)
0 0 — cosf O 0
P
2tan 0 (1 ) in @
5 — COS sin
=2 7 0 0 1 -L+2
\ B B B /
0 0 0 0 0 1

In the case of a uniform rectangular magnet, there is no focusing in the horizontal plane
while there is a weak focusing in the vertical plane.
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3. Linear Maps Il
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02
Quadrupole magnet 12

The vector potential A, of a normal quadrupole magnet can be obtained fromn =1 in
Egs. (24) and (25)

q 1
—A=a=10,0, ——kl(x —v2) (65)
Po
The corresponding scaled magnetic field is given by
iB - (k1)’; klx; O) (66)
Po
dB 0B
ki =by = 40y _ 4% quadrupole (focusing) strength
Po 0x  po Oy

Inserting Eq. (65) into the Hamiltonian, Eq. (1), and letting h — 0, we get the Hamiltonian
for a normal quadrupole

p 1 e\ Y 1 1
H==-"—|[=+ ) —(—") —(—y> + ok (® - (67)
Bo (ﬁo Pe Po Po ,331/02 1( Y )

Expanding to second order and neglecting the constant term, we find

2
1 px> 1 <py> ks i
H~-|—] +z|—= +—(x y%) + (68)
2 <po 2 2B5v5

Dane & Department of Physics, POSTECH 24 moohyun@postech.ac.kr
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The Hamilton’s equations are
dx  O0H  py
ds  d(px/Po) Po’
dy ~ 0H  py,
ds — d(py/Po)  Po’
dz O0H  p;

ds  dp, PBEyE’

d(px/Po) _ OH _

ds x ~hax
d(py/po) __OH _,
ds dy 4
dpe  OH 0
ds 0z

Poad 'S
1986

(69)

By similar method introduced before, we can find easily the linear map for a quadrupole

of effective length L
1

kyL
[ cosyly N
—\/k_lsin\/k_lL
M, = 0 0
0 0
0 0

\ 0 0
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sin\/k_lL
cos\/k_lL

0 0 0
0 0 0
1
cosh/ k4L \/?sinh\/k_lL 0
1

\/k—lsinh kL coshy/ kL 0
0 0 1

0 0 0
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(70)
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If we take L — 0 the map for the horizontal focusing quadrupole magnet in thin-lens &%
approximation can be obtained

ToNHa:

00 1 050 0
Mihin g = L1 ‘. (71)
0 0 =10 0
f
\0 0 0--0" 1 0/
0 0 0 0 0 1
where
= 1 _ DPo
kL qLB’ (72)

is the focal length of a quadrupole magnet.

Note that if a quadrupole magnet focuses a beam in the horizontal (vertical) plane then
it defocuses in the vertical (horizontal) plane.

To achieve focusing in both planes, quadrupole doublet or triplet is employed.

In the following we briefly analyze the quadrupole doublet. The case for triplet can be
similarly applied.
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Let’s consider quadrupole doublet in the thin-lens approx.
The transfer matrix in one plane is given by

d
1 0 1 0 1—— d
M = 1 (1 d) 1 _ f1
-— 1J\0 1/\—-—+ 1 1 d
2 2 —— -2
where 1 1 1 d f f2 ~
fr A f2 Af
d
t-7 BN PN
letfy =—f,= f=—— M = d d| =—— MFD_(O 1)'/—_2\‘.1 (O 1)
(F-D) 7 1t7 I
1_d >0 fc;(;using
f* f

moohyun@postech.ac.kr
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os)
The matrix in the other plane (D-F) is %@«g
d
1+f d 1 —f ”1'd 0 |t
Mpr = 4 d =(o 1){ —fz\‘;l (o 1)
f2 f ‘\\ //

focusing

Skew quadrupole magnet

A skew quadrupole is obtained from a normal quadrupole by
rotating the magnet by 45° about the magnetic axis.

There are two methods to get the linear map for a skew quadupole.

The first method follows just our standard procedure as before; get the vector potential for
a skew quad and substitute it into the expanded Hamiltonian. The skew multipole vector
potential components are given by the a,, coefficients in the multipole expansion Eq. (24)

co

Po 1 : :
A = —?Re Z — T (b, + ia,)(x + iy)"*!
n=0
For a skew quadrupole, all coefficients are zero except for a;: piAS = a,xy = —kyxy
0

— 0B 0B
ki = —a;= _ 495 — 4 95y

Po 0x  po Oy
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The Hamiltonian for a skew quadrupole magnet is then

. 1 2 . 2 . 2 1
t x y -
N IR E
Bo <,30 ‘ Po Po ,351’02 ! 74
The Hamiltonian expanded to second order becomes
2 2
1 px) 1 <py> — pt,g
Hx-|\—) +z|=—| +kixy+
2 <po 2\po) T 232 73

Note the term with xy: this term leads to coupling of the horizontal and vertical motion.
The skew quadrupole gives a horizontal kick proportional to the vertical offset of the
particle, and vice-versa.

Hamilton’s equations with the second-order skew quadrupole Hamiltonian Eq. (75) may
be solved as for the normal quadrupole. The procedure can be found in Wiedemann’s
book (H. Wiedemann, Particle accelerator physics, Springer 4th ed). But here we shall take
a simpler way. A skew quadrupole can be obtained from a normal quadrupole by rotating
45 degree with respect to the longitudinal axis:

Mgy = R (%) MR (—%) (76)

where M, is the transfer matrix for a normal quadrupole given in Eq. (70) and R(8) is the
rotation matrix by an angle 8 w. r. t. the magnet axis. R(0) is given by
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cos 6 0 sin 6 0 0
0 cos 6 0 sinf O
| —sin @ 0 cos 6 0 0
R(9) = 0 —sin 6 0 cosf 0
0 0 0 0 1
0 0 0 0 0
Matrix multiplications in Eq. (76) lead to
( ct LS+ C~ LS‘
—\/1?15- c* —\/1‘?15+ C-
1 1
c- —=S$- ¢t —st
Mso = Vi Vig
— kST C™ —\/1‘?15- ct
0 0 0 0
0 0 0 0
where

C* = cos_|k,L + cosh [k,L

St =sin |k,L + sinh kL

Dane & Department of Physics, POSTECH
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0 23a0’S)
0
0
0 (77)
0
1
0 0 \
0 0
0 0 (78)
0 0
L
2.,2
0 Yo
Ly
_ q 0B, q 0B,
! po 0x po 0y
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B o

Skew quadrupoles are used to control the beam emittance (sizes) in synchrotrons and \&
storage rings. In third-generation synchrotron radiation sources, skew quadrupoles control
(minimize) the vertical emittance such that the beam brightness is maximized. In future
light sources like 4GSR, skew quads can be used to make a round beam.

In PLS-2 storage ring, there are 24 skew quads distributed around the ring, which can
control the horizontal and vertical coupling of emittance and as a result the vertical beam
emittance is a few percent of the horizontal beam emittance.

Note: beam emittance is defined as the phase space area occupied by a beam divided by .
We shall discuss about the beam emittance in the next Lecture.
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RF cavity

Let’s assume that an RF cavity is of cylindrical type of TM,,, mode. Then the fields are of
the form (e.g. Jackson, Chap. 8)

0A; 0A, _
Es =—Vd), — ot~ ot EoJo(kr)sin(wgrt + ¢p) (79)
0A, 0Ag 0A; E,
By =(VXA)g=— — = — = —
o = ( ) 35 or o7 - J1(kr)cos(wgrt + ¢o) (80)
where r = {/x2 + y?2. All other field components are zero. From Eq. (79), 2’3;10
we find EoJo(kr) ool i o
As =~ j Edt =——Ccos(wprt + o) (81) 7t}
RF beam
with A, = A, = 0. Here wgr = ck and k = % with pg1 the first root axis ,\
of J,(ka) = 0 (bounbary condition) where a is the cavity radius electric field

(po1 = 2.405). Then the Hamiltonian Eq. (1) for a RF cavity is given by

p 1 2 p 2 p 2 1 ¢ E .
H = ot _ — _[2x) _ _37) . 4 Eo I LI
Fo \/<,Bo ¥ pt) <P0> <Po Bsvé  po a)RFJO( r)cos( ) s —kz+ ¢o)

(82)

where we have changed the variable from time t to z = Bi — ct.
0

Note that this Hamiltonian for a RF cavity depends on the longitudinal variable s, which
usually is not easy to integrate the equations of motion. For simplicity, we assume that it is
possible to average the Hamiltonian over the length of the cavity:
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1 L/Z %¢956§
(H) = I J Hds (83)

Let ~L/2

H=H,+ H,
where H; is the term that depends on the longitudinal variable s, i.e.

Hy = —L 2% ) () (k k +¢>
=-—"2 r)cos|—s — kz
! PowRFO Bo 0

Averaging this we get

(Hy) = == 1(k>jm (k k+¢>d P20y P sin = cos(—kz + o)
——— T cos|—=s —kz §=———— cos(—kz
! L po wre" " L/2 Bo ° L po wrp” " 2,30 °
where = — ;]0 (kr)cos(—kz + ¢¢)
Tq E ﬁ EO . kL wq EO 124
a=————>7Jo(kr) sin = T  (84) e
L'po wgp Jo ck? 20 Do Wgrr o
Here T is the transit-time factor (dimensionless) given by e o:a
sin KL k L E o.: ‘ \ " e
2,30 oL 1"‘-.__“/-‘/2 il
T B k_L (85) " L L
2:80 BoArF

which is a parameter introduced to take into account the variation in the electric field over
the time taken for a particle to pass through the cavity.
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Although the fields for TM,,, mode do not depend on the length of the cavity, it is
customary to choose the cavity length to L = A’z‘i = %

The cavity voltage V, is defined in terms of the electric field amplitude E, and the length
of the cavity L such that V,

So
gV
= — (87)
PoC
The averaged Hamiltonian then becomes
: r= a7 +y?

_ Dt 1 ’ Px : Py : 1 a /
=2 j<ﬁo+m) S )

We now expand the Hamiltonian to second order in dynamical variables. Using
2 4
X X

Jo(x) =1——4———- (89)

and dropping the constant term, we get the averaged and expanded Hamiltonian

2 2
1/(m 1/m
H== (—x> + — (—y> il 7+ 7 k2 (x% + y?)cospy — —kz sing, + —kzzzcosqbo
2\ po 2\ o 2855 21 (90)
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B\‘qu,%;
The Hamilton’s equations are {;@g
dx 0H Ty Dx d(m,/py) oH 5
= = = , =——=——k COS(]bOX
ds 0(my/po) Po Do ds dx 21
dy 0H Ty Dy d(my, /o) 0H 5
- === = — 2= =~ kZcoseoy (91)
ds d(my/pPo) Do Po ds dy 2
d J0H d 0H a
Z_ _ P , P _ = ——k?cos¢yz
ds Op: BEyé ds 0z T
The four transverse equations can be combined to yield
x" = —Ekzcosqbox = —Kx
(92)
y' = —%kzcoscpoy = —K%y
a
where KZ = —kZ?cosg, (93)
The two longitudinal equations in Eq. (91) lead to
a
z" +Kf z = —kzcosqbo (94)
,80 Vo
where K/ = 5 k?cos¢, (95)
07’0
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With general initial conditions, these equations can be solved easily and the result can 2@5
be expressed in matrix form

1986

X = McayityXo +m (96)
where
1
/ cosK,| L —sinK | L 0 0 0 0 \
K,
—K sinK;L  cosK, L 0 0 0 0
1
0 0 cosK, L —sinK| L 0 0
Mcavity = K,
0 0 —K,;sinK, L.  cosK, L 0 0
0 0 0 0 cosK, L 5— 5 Sink) L
Bave K, /
\ 0 0 0 0 —B&yE K sink L cosKL
(97)
and the zeroth-order solution is given by the vector m:
0
[ 0 )
0
0
m=| 2Ltang, KL (98)
———sin“ —
s 2
. SinK"L
\ a singg KoL
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Mqvity becomes

Mcavity =

\

0
0

0

0

( cosK, L
—K,sinK | L

1
K_J_ sinK | L 0 0 0 0 \
cosK | L 0 0 0 0
1
0 cosK,| L —sinK, L 0 0
K,
0 —K,sink,L  cosK,L 0 0 (99)
L
0 0 0 1
Ve
qVom
0 0 0 - EZ COS¢0 1 )

and all the zeroth-order transfer map m for an RF cavity can be neglected.
In the thin-lens (L — 0 ) and weak field approximation, this becomes

Mcavity ~

where 1

fi

Dane & Department of Physics, POSTECH

1
(o
0
0

\0

0O 0 0 O
1 0 0 O
0O 1 0 O
0O 01 O
0O 0 0 1
0 0 O !
fi
V
1o k cos¢py =
PoC

0 (100) |dentity transform transversely
0 and focusing longitudinally

Vym

u—cosc,b 101
poC L 0 (101)
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Appendex A. A property of transfer matrices

Consider a linear second-order differential equation in the form of Hill’s equation with a
first derivative term included (to be general)

x"+ f(s)x'+g(s)x =0 (A1)
Let’s the two linearly independent solutions be x; and x,. Then the Wronskian is
X, X
w=|7 =7
X1 X2

Taking a derivative with respect to the independent variable s, we have
dw
ds

X1 X
X1 X

X1 X

o | = T (fxg + gx2) +x2(fxg + gxy) = —fW
1 X2

Integrating over ds, we get the solution for Wronskian

W(s) = Woe_fso f(s)ds
where W, is a constant which is the Wronskian when s = s, i.e. W, = W (0).

From this we see that if f(s) = 0, then W = W, = constant
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Next, the solutions to Eqg. (A1) can be written in the form

x12(S) = myyx1,(0) + myyx1,(0)

) . (A2)
X12(8) = My1%1,2(0) + Myzx1 2(0)
This can be expressed in the form of a matrix equation:
<x1(3) X3 (S)) _ (m11 m12) (x1(0) xz(O)) (A3)
x1(s)  x2(s) Ma1 M2/ \x1(0) x2(0)

Taking determinants on both sides, we find

W(s) =dettM)W(0) where M = (zi nmliz) and W(0) =W(s=0)

Since W (s) = W(0) when f(s) = 0, we get

det(M) =1
We therefore proved that in the absence of a first derivative term, the determinant of the
transfer matrix associated with the Hill’s equation is always one. This also holds for a
general 6 X 6 transfer matrix.
Formal (mathematically rigorous) proof for the determinant of symplectic matrices being

equal to +1 is beyond the scope of this Lecture and can be found elsewhere [e.g. D. Rim,
Adv. in Dynam. Sys. and App. (ADSA), 12, 1, (2017) 15 - 20].
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Appendix B. Symplectic condition

Consider a column vector consisting of phase space coordinates.
X
Px

y

= (B1)
= p,
Z

)
Introducing a 6 X 6 symplectic matrix defined as

o 1 0 0 0 O

-1 0 0 0 0 0

¢_| 0 0 0 1 0 0 (B2)
0 0 -1 0 0 0
0 0 0 0 0 1

o 0 0 0 -1 0
then we can write the Hamilton’s equations in the following form

, oH
n:S%:SVnH (B3)
oH
e.g. In 2D, X\ _ (0 1\ ox
; (r')x) - (—1 o) OH (B4)
oy

Dane & Department of Physics, POSTECH B-1
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Let’s now introduce a general canonical transformation ¢ that does not include time
explicitly. General transformation can be expressed by { = {(n). The Jacobian matrix of
transformation ( is X

QP 3 P, )
T8 an (=,
After the transformation, the equation of motion takes the form Zy
{ = Mn A/
oH oH d{; 0H oH
So _ T . Y5
n=S—=S(M"V;H ( . =C..— —=G. S--M--—)
y = SUTTEH) 1T UG, T an,a¢; T Gy

and

T T TaH
{ =Mn=MS(M"V;H)=MSMTV,H = MSM 57
T msmT =5 (B5)

the new canonical variables preserve the form of the Hamilton’s equations: ( S—

0H

d¢
Eqg. (B5) is called the symplectic condition. It also holds in the form of MTSM = S

From this we have an important observation: If and only if Jacobian matrix M satisfies the
symplectic condition, the canonical form using the same Hamiltonian is preserved. In that
case, ( and M are called the symplectic transformation and symplectic matrix respectively.
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1986

Symplectic condition is useful:

It provides a simple method to check accuracy of numerical tracking of particle motion.
It avoids accumulation of numerical errors in long term particle tracking.

It can be used to check the validity of transfer matrices.

Note that det(M) = 1 is a necessary condition for symplectic matrix but not a sufficient
condition. So the determinant of a symplectic matrix is always one, but not vice versa.

The symplectic condition is much stronger condition than det(M) = 1.
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