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Review of Generalized Magnetic Multipole Model (2023/10/24-)

- - 2D magnetic field model in complex planel| &¢|’d Y
=A+1
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’ T r=71o TlTO
1{(5 C - B [T/m™ 1]
B;‘L skew — _f B(Q) .7 1 cosn@ do n,skew 1 n,skew i
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Modelling of 2D Magnetic Multipole : w/o current source

If there’s no current source (inside the closed loop)

VxB=0

F=A+iV

V-B=0

Expressing B by potential functions 4 and V

— A

fo A o

X y 2z
Foixiz|l 2 2
*A=19x 9y oz
Ay A4y Ay
S _ o _ 0B 0B_ 0B
B = "o Ty Tt
F=A+iv |2 RHE S

Laplace equations, V24 = 0 and V2V =

—

VxB=Vx(VxA)

. V2F =V2A+iV2V =0

0

ol&, current source?l 8l= M “Gauss's low for magnetism” of Maxwell's Eq.E TtE5T



Modelling of 2D Magnetic Multipole : with current source =22 g9d 39

Ampere’s circuital law with DC current source can be written as

—

VxB = (0,B, — 8,B,)% + (9,B, — 8,B,)y + (3,B, — 0,B,)2

=pu (X +]yy+J,2) (1)
If B is given B = B, + iB,, then its conjugate form is Equating (1) and (2),
dF
l;* — lix _ i[%y <}: i-——{) _Ez_ __fifi __.jz_ EZEZ — l{,
dz dx\ 0Jx) 0dy\dy z
_ ., (OF dx N doF dy B _
= \oxdz "oy dz Z=xT
(0F  OF a . dz V?F = 0¢F + 0;F = —yj,
“\ox T dy dy ax
_OF _(_9F (2)
ady b

F=A+iv |2 222 8lM current source?t U S M= “Gauss's low for magnetism” of Maxwell's Eq.2 T+&&t
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Modelling of 2D Magnetic Multipole : F = A + iV . %I%EEF
at - il (®)
e (A OVN_ v [ oA AR AAY e
— <6x a)“%“(‘&)
o,F =i(A+lV) (AﬁNY) , A(A+1V)/Ax_6A+la_V
Az 0A(x+1y}*—>o 1+ Ay dx dx
h A0 i =S,
Bx:_a' y__a 0A “oV\ 0A v
l ax+lax —@‘l‘l@

aF—a(A+V)—l A(M) I A(A+iV)/Ay 6A+6V
2l =5 L Az oA(x+ly§\A;r—r>lo Ax_l_ lay 37

Ay

dA . oV
dy’ Y 0y

B, =

9F " which enables conformal mapping

F = A + iV satisfies Cauchy Riemann condition ;— = ,
dx dy
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Multipoles : equipotential lines using F AtSHE I
2p, n=1  F=C(iz A %
=Gx+iy=A+iv "¢ YTq
., ., A N
4p, n=2 F=C222 X- =Yy _C_z’ xy—C—Z
; ) 3Gy
3 2 _ 20y _ A3 —
6p, n=3 F =(3z° x° —=3xy*® = Cy 3x‘y —y° = .
8p, n=4 F=0Cpz* x* —6x2y? + y* = i, 4x3y — 4xy3 = z
C4- C4. 5C1
A %
10p, n:5 F:CSZS x5—10x3y2+5xy4=C—, 5x4y—10x2y3-|—y5 =C_
5 4
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Multipoles : Field strength using F Ao} 5l

A %
2p, N=1 x=C—1, y=C—1, B, = —0,V =0, B, = =0,V = —-(4
A %
4p, n=2 X2 —yZ=20, 2xy=—, B, = =0,V = —2Cy, B, =—0,A=—2C,x
' C; C;
3 2 /T 2 3 V
6p, n=3 x?—3xyt = 3Ty -yt = B, = 0,A = —6(3xy,
’ 3 B, = =8,V = —3C3x? + 3C;y?
A %
8p, n=4 xt—6x2y?+y*t=—, 4xdy—dxy’=—
C, C.
A v Hot & ek
10p, n=5 x> —10x3y? + 5xy* =—,  Sx*y —10x%y3 +y> =—
Cs Ca By =—0,V, B, =—0,A
Bx = ayA, By = —ayV

X-V-A, YA-V &7|&



Multipoles : field strength using F in polar coordinate %iffif?i
B* = i0,F = iC,(8,z") = iCy(nz"™ 1)
2p, n=1 B} =iC, Bix =0, By =—C
4p, n=2 Bj =iC,(2 |z| e'%) = i2C,|z|(cos O + i sin B) B,, = —2C,|z| sin#, By, = —2C;|z| cos @

6p, Nn=3 Bj = iC3(3 |z|? €'?%) = i3C5|z|*(cos 20 + isin20)  Bs, = —3C(3|z|*sin 26, B3y, = —3C3]|z|* cos 20

8p, N=4 B; = iC,(4|z|® €'39) = i4C4|z|3(cos 30 + isin36) By, = —4C,|z|*sin 30, By, = —4C4|z|? cos 360



Multipole Analysis

B* = id,F = iC,(0,z™) = iC,(nz"" 1)

H
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B,y = —nCy|z|" ' cos(n — 1)6
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Multipole Analysis: multipole field error

Normalized to the fundamental component

ES
|Bn| —_ Ern_N &

* - 0

CI _ T_OB*
nmain — nmain

n
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n,skew n n,skew

n_
nr,

n,skew
max

Bnl g proportional to ‘n
B | Cn
Cn CT,l
Cn = Cprg [T m] o el
* 1 54 A .
By main = _f (B (6) y T') sinnf do
’ max TT r=rg
* 1 = A
By skew | = _f <B(9) ¥ T> cosnf do
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max [T . m] Cn,main =~ nron—l Bn,main N [T/ m ]
T - 1 . ~
max [T m] Cn,skew = _—13 [T/m" 1]
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Code Implementation

double t Bmain, Bskew;

ThreeVector x_probe;

double t poles[13] = {1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 7.0, 8.0, 9.0, 10.0, 11.0, 12.0, 13.0};
fo multipole << time*beta e(p.GetKineticEnergy())*c;

for (const auto& mp : poles)

{

Bmain = 0.; Bskew = 0.;

fo _multipole << ",";
for (const auto& th : ths)

{
ThreeVector dr = mp_radius * x_pr_hat;
dr.rotate(s_hat, th);
X_probe = vO + dr;
ft->GetBField(x_probe, e3b3);
Bmain += ThreeVector(e3b3[3], e3b3[4], e3b3[5]).dot(dr.unit()) * sin(mp * th) * dth;
Bskew += ThreeVector(e3b3[3], e3b3[4], e3b3[5]).dot(dr.unit()) * cos(mp * th) * dth;
fo_multipole_scanpath.write((char*)&x _probe, sizeof(ThreeVector));
}
Bmain /= pi; Bskew /= pi;
double t Cpr_main = -Bmain * mp_radius / mp, Cpr_skew = -Bskew * mp_radius / mp;
double t Cmain = -Bmain / mp / pow(mp_radius, mp-1), Cskew = -Bskew / mp / pow(mp radius, mp -

fo_multipole
<< Bmain / tesla << "," << Bskew / tesla << ","

<< Cpr_main / (tesla * m) << "," << Cpr_main / (tesla * m) << ","

<< Cmain / (tesla / pow(m, mp - 1)) << "," << Cmain / (tesla / pow(m, mp - 1));
2025-0p-28
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Artificial Tabulated Field-map Generation

1. Sector bend dipole

2. Sector bend dipole + quadrupole

2025-02-28

15



1. Sector bend dipole

Specification
ROT_ANGLE = 6 * deg
Cl1 =1.4 * tesla
BRHO = brho_e(4*GeV)
RHO = BRHO/CH

Geometry computation
X={%|A&B&C&D &E)}

A Dy (%) >0,
B: Dip(%) <0,
C: Rinner(X;) > p — Wy,
D: Router(X;) < p + W,
E: |% -9 < G

B()_C)) = Cll

otherwise B(x) =0

2025-02-28
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1. Sector bend dipole (cont'd)

Code

xtab0, xtab1 = —half_width, end_point.y
ytabO, ytab1 = 0, half_gap

ztabO, ztab1 = 0, end_point.x

dx =dy =dz=1*mm

Bx, By, Bz=0, 0, 0O

half_width = 5xcm
half_gap = 3*cm
z_margin = b5*cm
drift_length =

30*cm

with open("dp_field_1mm.table","w") as fmap:

z = ztab0
while z < ztab1:
y = ytab0
while y < ytab1:
X = xtab0
while x < xtab1:
v_i = TwoVector(z,x)

ROT_ANGLE = 6 *
deg

Cl1 =1.4 *tesla
BRHO =

brho_e(4xGeV)
RHO = BRHO/C1

a = line_1.get_distance_to_point(v_i)
b = line_2.get_distance_to_point(v_i)
ifa<0andb>0 and not circ_ir.is_inside(v_i) and

circ_or.is_inside(v_i):
By = C1
else:
By =0

fmap.write(f"{x/mm:.6f} {y/mm:.6f} {z/mm:.6f} "

+f'{Bx/tesla:.6f} {By/tesla:.6f} {Bz/tesla:.6f}#n")

X += dx
y += dy

z +=dz
2025-02-28
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1. Sector bend dipole (cont'd), results

— qlmtracking path
P scan path
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1. Sector bend dipole (cont'd),
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1. Sector bend dipole (cont'd), results

10°
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[Tm]

!
n
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2. Sector bend dipole + quadrupole

B'(#) = (—2C,y") &' + (C; — 2C,x") 9"

X'=—=(7|—po) ' +y '

17| = |7_C> — Ocyrv

' =R(O)X, 2'=R(0)z ' =7

B'(#) = (—2C,y) R(0) £ + (C; — 2C,x") §

= (—2C,y)(cosO X —sinf 2) + (Cl +2C,(|% - 5C,m,| — po)) %

2025-02-28
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2. Sector bend dipole + quadrupole (cont'd)

while x < xtab1:
v_i = TwoVector(z, x)
a = line_1.get_distance_to_point(v_i)
b = line_2.get_distance_to_point(v_i)

if a< 0 and b > 0 and not circ_ir.is_inside(v_i) and circ_or.is_inside(v

r = TwoVector(x,y) — v_curv_org
theta = (-yhat2D).getTheta( r )

shat_prime = zhat.rot_origin(yhat, theta)
xhat_prime = xhat.rot_origin(yhat, theta) # equals to —rhat
yvhat_prime = yhat.new()

X_prime = —(abs(r)-RHO)

y_prime =y Cl =-1.4 = tesla
C2 = -20 =

Bx_prime = =2.0 *» C2 * y_prime
By_prime = C1 =2.0 » C2 * x_prime
B_prime = Bx_prime * xhat_prime + By_prime * yhat_prime

tesla/meter

Bx = B_prime.x

By = B_prime.y

Bz = B_prime.z
else:

Bx, By, Bz=0, 0, 0

2025-02-28
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2. Sector bend dipole + quadrupole (cont'd), r=20 mm [ci =14+ tesia
C2 = -20 *

PR [

eam tracking path
P scan path
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—- 2.0
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0.5

0.0

—0.5

2025-02-28 23



2. Sector bend dipole + quadrupole (cont'd), results, r=20 mm
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2. Sector bend dipole + quadrupole (cont'd), results , r=20 mm
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2. Sector bend dipole + quadrupole (cont'd), results , r=2 mm, 20 mm

1 -
B} main = —% (B (8) : f) sinné do
’ T =Ty
20 mm 857t HE|E M= A1I7I7f Cf ML QX7 SHAIS| ZHS 2 ol 918
1.5 1 | | | I I ' ' | l l I I
1.4 |- -
Bi man = C1 = 1.4 * tegla By man = C1 = 1.4 * tesla
=== B1 main == B1, main
1.2 -
10 - Bz,mam — Bz,mm’n
=== B3 main | m==== B3, main _
B4, main 1.0 = B4, main
—_— == Bs, main — 0.8 === Bs5, main
t 0.5 [ e Bsé, main B t ’ w——==B6, main
‘é B7, main ‘g B7, main
E‘ === B3, main = 0.6 |- = B8, main B
- 0.0 I Bo, main I - & Bo, main
=== B10, main J 0.4 === B10, main 7
=== B11, main m—= B11, main
Blz,mm’n 02 B Blz,mm’n 7]
—0.5 [ —— B13, main ] = B13, main
BZ,main — _2 * 20 * T/m * I’O(:OOZ) — _( 0.0 . =
| | | | | | | | | | | | | |
0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200
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Bomain = —2 * 20 * T/m * r0(=0.002) = -0.08
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